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APPROXIMATION OF L2-ANALYTIC TORSION FOR ARITHMETIC
QUOTIENTS OF THE SYMMETRIC SPACE SL(n,R)/ SO(n)
JASMIN MATZ AND WERNER MU¨LLER
Abstract. In [MzM] we defined a regularized analytic torsion for quotients of the sym-
metric space SL(n,R)/ SO(n) by arithmetic lattices. In this paper we study the limiting
behaviour of the analytic torsion as the lattices run through sequences of congruence
subgroups of a fixed arithmetic subgroup. Our main result states that for principal con-
gruence subgroups and strongly acyclic flat bundles, the logarithm of the analytic torsion,
devided by the index of the subgroup, converges to the L2-analytic torsion.
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2 JASMIN MATZ AND WERNER MU¨LLER
1. Introduction
Let X be a compact oriented Riemannian manifold of dimension d. Let ρ be a finite
dimensional representation of π1(X) and let Eρ → X be the associated flat vector bundle.
Pick a Hermitian fiber metric in Eρ. Let ∆p(ρ) be the Laplace operator on Eρ-valued
p-forms. Let ζp(s, ρ) be its zeta function [Sh]. Let e
−t∆p(ρ), t > 0, be the heat operator and
let bp(ρ) = dim ker∆p(ρ). Then for Re(s) > d/2 one has
(1.1) ζp(s, ρ) =
1
Γ(s)
∫ ∞
0
(Tr
(
e−t∆p(ρ)
)− bp(ρ))ts−1dt.
Then the analytic torsion TX(ρ) ∈ R+, introduced by Ray and Singer [RS], is defined by
(1.2) log TX(ρ) :=
1
2
d∑
p=1
(−1)pp d
ds
ζp(s; ρ)
∣∣
s=0
.
The corresponding L2-invariant, the L2-analytic torsion T
(2)
X (ρ), was introduced by Lott
[Lo] and Mathai [Mat]. It is defined in terms of the von Neumann trace of the heat
operators on the universal covering X˜ of X .
The analytic torsion has been used by Bergeron and Venkatesh [BV] to study the growth
of torsion in the cohomology of cocompact arithmetic groups. The approach of [BV] is
based on the approximation of the L2-torsion by the renormalized analytic torsion for
sequences of coverings of a given compact locally symmetric space. Since many important
arithmetic groups are not cocompact, it is desirable to extend these results to the non-
compact case. The first problem is that the analytic torsion is not defined for non-compact
manifolds. To cope with this problem we defined in [MzM] a regularized version of the
analytic torsion for quotients of the symmetric space SL(n,R)/ SO(n) by arithmetic groups.
The goal of the present paper is to extend the result of Bergeron and Venkatesh [BV] on
the approximation of the L2-analytic torsion to this setting.
To begin with we recall the results of Bergeron and Venkatesh. Let G be a semisimple
Lie group of non-compact type. Let K be a maximal compact subgroup of G and let
X˜ = G/K be the associated Riemannian symmetric space endowed with a G-invariant
metric. Let Γ ⊂ G be a cocompact discrete subgroup. For simplicity we assume that
Γ is torsion free. Let X := Γ\X˜ . Then X is a compact locally symmetric manifold of
non-positive curvature. Let τ be an irreducible finite dimensional complex representation
of G. Denote by TX(τ) (resp. T
(2)
X (τ)) the analytic torsion (resp. the L
2-torsion) taken
with respect to the representation τ |Γ of Γ. Since the heat kernels on X˜ are G-invariant,
one has
(1.3) log T
(2)
X (τ) = vol(X)t
(2)
X˜
(τ),
where t
(2)
X˜
(τ) is a constant that depends only on X˜ and τ . It is an interesting problem
to see if the L2-torsion can be approximated by the torsion of finite coverings Xi → X .
3This problem has been studied by Bergeron and Venkatesh [BV] under a certain non-
degeneracy condition on τ . Representations which satisfy this condition are called strongly
acyclic. One of the main results of [BV] is as follows. Let Xi → X , i ∈ N, be a sequence of
finite coverings of X . Let τ be strongly acyclic. Let inj(Xi) denote the injectivity radius
of Xi and assume that inj(Xi)→∞ as i→∞. Then by [BV, Theorem 4.5] one has
(1.4) lim
i→∞
log TXi(τ)
vol(Xi)
= t
(2)
X˜
(τ).
Let δ(X˜) := rankC(G) − rankC(K) = 1. The constant t(2)X˜ (ρ) has been computed by
Bergeron and Venkatesh [BV, Proposition 5.2]. It is shown that t
(2)
X˜
(ρ) 6= 0 if and only
if δ(X˜) = 1. Combined with the equality of analytic torsion and Reidemeister torsion
[Mu2], Bergeron and Venkatesh [BV] used this result in the case δ(X˜) = 1 to study the
growth of torsion in the cohomology of cocompact arithmetic groups. Unfortunately, so far
the method does not work for representations which are not strongly acyclic. Especially,
it does not work for the trivial representation, which is the most interesting case. For a
detailed discussion of this problem in the case of hyperbolic 3-manifolds see [BSV].
Another challenging problem is to extend the method to the case of arithmetic lattices
which are not cocompact. In [AGMY] Ash, Gunnells, McConnell and Yasaki investi-
gated the growth of torsion in the cohomology of non-cocompact arithmetic subgroups
Γ ⊂ GL(n,Z) in the case of the trivial coefficient system, and formulated a number of
conjectures concerning the expected behavior of torsion cohomology. To study the growth
of the torsion in the cohomology of non-cocompact arithmetic groups one can try to pro-
ceed as in [BV]. As a first step one would like to extend (1.4) to the finite volume case.
However, due to the presence of the continuous spectrum of the Laplace operators in the
non-compact case, one encounters serious technical difficulties in attempting to generalize
(1.4) to the finite volume case. In [Ra1] J. Raimbault has dealt with finite volume hyper-
bolic 3-manifolds. In [Ra2] he applied this to study the growth of torsion in the cohomology
for certain sequences of congruence subgroups of Bianchi groups.
The main purpose of the present paper is to extend (1.4) to arithmetic quotients of
X˜ := SL(n,R)/ SO(n).
The regularized analytic torsion in the non-compact case has been defined in [MzM]. For
its definition we pass to the adelic framework. Let G = SL(n). Let A be the ring of adeles
and Af the ring of finite adeles. Let K∞ = SO(n) be the usual maximal compact subgroup
of G(R) = SL(n,R). Given an open compact subgroup, Kf ⊂ G(Af), let
(1.5) X(Kf) := G(Q)\(X˜ ×G(Af)/Kf)
be the associated adelic quotient. This is the adelic version of a locally symmetric space.
Since SL(n) is simply connected, strong approximation holds for SL(n) and therefore, we
have
(1.6) X(Kf) = Γ\X˜,
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where Γ is the projection of (G(R) × Kf) ∩ G(Q) onto G(R). We will assume that Kf
is neat so that X(Kf) is a manifold. Let τ : G(R) → GL(Vτ ) be a finite dimensional
complex representation. The restriction of τ to Γ ⊂ G(R) induces a flat vector bundle Eτ
over X(Kf). By [MM], Eτ is isomorphic to the locally homogeneous vector bundle over
X(Kf), which is associated to τ |K∞ . Moreover it can be equipped with a distinguished
fiber metric, induced from an admissible inner product in Vτ . In this way we get a fiber
metric in Eτ . Let ∆p(τ) be the twisted Laplace operator on p-forms with values in Eτ . If
X(Kf) is not compact, ∆p(τ) has continuous spectrum and therefore, the analytic torsion
can not be defined by (1.2). In [MzM] we have introduced a regularized version of the
analytic torsion. The starting point for the definition of the regularized analytic torsion in
the non-compact case is formula (1.1). In [MzM] we introduced a regularized trace of the
heat operator. It is defined as follows. Let ∆˜p(τ) be the Laplace operator on E˜τ -valued
p-forms on X˜. The heat operator e−∆˜p(τ) is a convolution operator given by a kernel
Hτ,pt : G(R) → GL(Λpp⋆ ⊗ Vτ ), where g = k ⊕ p is the Cartan decomposition of the Lie
algebra g of G(R). Let hτ,pt ∈ C∞(G(R)) be defined by
hτ,pt (g) = trH
τ,p
t (g), g ∈ G(R).
Let Jgeo(f), f ∈ C∞c (G(A)), be the geometric side of the (non-invariant) Arthur trace
formula [Ar1]. By [FL1, Theorem 7.1], Jgeo(f) is defined for all f ∈ C(G(A), Kf), the
adelic version of the Schwartz space (see section 2 for its definition). Let 1Kf be the
characteristic function of Kf in G(Af). Put
(1.7) χKf :=
1Kf
vol(Kf)
.
Then hτ,pt ⊗ χKf belongs to the Schwartz space C(G(A), Kf), and in [MzM, (13.16)] we
defined the regularized trace of the heat operator by
(1.8) Trreg
(
e−t∆p(τ)
)
= Jgeo(h
τ,p
t ⊗ χKf ).
If X(Kf) is compact, this equality is just the content of the trace formula. For the moti-
vation of this definition see [MzM].
In order to be able to use the Mellin transform to define a regularized zeta function
similar to (1.1) one needs to know the asymptotic behavior of the regularized trace of
the heat operator as t → ∞ and t → 0. Let θ be the Cartan involution of G(R). Let
τθ := τ ◦ θ. Assume that τ ≇ τθ. Then by [MzM, Theorem 1.2] there exists c > 0 such that
Trreg
(
e−t∆p(τ)
)
= O(e−ct) as t→∞ for all p = 0, . . . , d. Furthermore, by [MzM, Theorem
1.1], Trreg
(
e−t∆p(τ)
)
admits an asymptotic expansion as t → 0. This expansion contains
logarithmic terms. Using these facts, the zeta function ζp(s, τ) can be defined as in (1.1)
with the trace of the heat operator replaced by the regularized trace. Due to the presence
of log-terms in the asymptotic expansion for t→ 0, ζp(s, τ) may have a pole at s = 0. So
the definition (1.2) of the analytic torsion has to be modified. Let f(s) be a meromorphic
function on C. For s0 ∈ C let f(s) =
∑
k≥k0
ak(s− s0)k be the Laurent expansion of f at
5s0. Put FPs=s0 f(s) := a0. Now we define the analytic torsion TX(Kf )(τ) ∈ C \ {0} by
(1.9) log TX(Kf )(τ) =
1
2
d∑
p=0
(−1)pp
(
FPs=0
ζp(s; τ)
s
)
.
If the zeta functions are holomorphic at s = 0, this is the same definition as before.
Now we can formulate our main result. Let n ≥ 2. Put X˜n = SL(n,R)/ SO(n).
Let Kn(N) ⊂ SL(n,Af ) be the principal congruence subgroup of level N ≥ 3. Put
Xn(N) := X(Kn(N)). Note that Xn(N) = Γ(N)\X˜n, where Γ(N) ⊂ SL(n,Z) is the
principal congruence subgroup of level N . Then our main result is the following theorem
Theorem 1.1. Let τ ∈ Rep(SL(n,R)). Assume that τ ≇ τθ. Then for n ≥ 2 we have
lim
N→∞
log TXn(N)(τ)
vol(Xn(N))
= t
(2)
X˜n
(τ).
Moreover, if n > 4, then t
(2)
X˜n
(τ) = 0, and if n = 3, 4, then t
(2)
X˜n
(τ) > 0.
Remark 1.2. The number t
(2)
X˜
(ρ) can be defined for every finite dimensional representation
(cf. [BV, 4.4]). Moreover, it can be computed explicitly [BV, §5] (see also [AGMY, §3]).
For example, for the trivial representation τ0 of SL(n,R), n = 3, 4, one has
t
(2)
X˜3
(τ0) =
π
2 vol(X˜c3)
, t
(2)
X˜4
(τ0) =
124π
45 vol(X˜c4)
[BV, 5.9.3, Example 2]. Here X˜cj denotes the compact dual of X˜j, and the metric on X˜
c
j
is the one induced from the metric on X˜j. For the second equality we used that SL(4,R)
is a double covering of SO(3, 3), and as explained at the beginning of section 5.8 in [BV],
the corresponding number for SO(3, 3) agrees with that for SO(5, 1). Finally, t
(2)
H5
(τ0) is
computed in [BV, 5.9.3, Example 1].
Remark 1.3. Let Γ ⊂ SL(n,R) be a cocompact torsion free lattice. Then TΓ\X˜n(τ) = 1
for all n > 4 and all τ ∈ Rep(SL(n,R)). This follows in exactly the same way as in [MS,
Corollary 2.2]. We don’t know if this also holds in the non-cocompact case.
Remark 1.4. We expect that Theorem 1.1 holds more generally for sequences of arbitrary
congruence quotients Yj = Γj\ SLn(R)/ SO(n) such that vol(Yj) → ∞ as j → ∞. The
extension hinges at the solution of some technical problems related to the fine geometric
expansion of the trace for SL(n). For more details see the end of the section.
We shall now briefly outline our method to prove Theorem 1.1. For technical reasons we
work with GL(n) in place of SL(n). Let Kf ⊂ GL(n,Af) be an open compact subgroup.
Then we define the corresponding adelic quotient Y (Kf) as above by
Y (Kf ) := GL(n,Q)\(X˜ ×GL(n,Af))/Kf .
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We note that Y (Kf ) is the disjoint union of finitely many locally symmetric spaces Γi\X˜
for arithmetic subgroups Γi ⊂ GL(n,Q), i = 1, . . . , l. Now let K(N) ⊂ GL(n,Af ) be
the principal congruence subgroup of level N . Put Y (N) := Y (K(N)). Then Y (N) is
the disjoint union of ϕ(N) copies of X(N), where ϕ(N) is Euler’s function (see [Ar6, p.
13]). The disjoint union of ϕ(N) copies of the flat Eτ over X(N) is a flat bundle Êτ over
Y (N). Let ∆p,N(τ) be the Laplace operator on Êτ -valued p-forms on Y (N). We define the
regularized trace of the heat operator e−t∆p,N (τ) as above by
Tr
(
e−t∆p,N (τ)
)
:= JGL(n)geo (h
τ,p
t ⊗ χK(N)),
where JGL(n)geo is now the geometric side of the trace formula for GL(n,A)
1 and χK(N) the
normalized characteristic function of K(N) in GL(n,Af). Using the regularized trace,
we define the analytic torsion TY (N)(τ) in the same way as above. Comparing the trace
formulas for SL(n) and GL(n), it follows that
log TY (N)(τ) = ϕ(N) log TX(N)(τ).
Furthermore note that vol(Y (N)) = ϕ(N) vol(X(N)). Hence it suffices to show that
(1.10) lim
N→∞
log TY (N)(τ)
vol(Y (N))
= t
(2)
X˜
(τ).
To establish (1.10) we proceed as follows. Let
(1.11) KN(t, τ) :=
1
2
d∑
p=1
(−1)ppTrreg
(
e−t∆p,N (τ)
)
.
As observed above, KN(t, τ) is exponentially decreasing as t→∞ and admits an asymp-
totic expansion as t→ 0. Thus the analytic torsion can be defined by
(1.12) log TY (N)(τ) = FPs=0
(
1
sΓ(s)
∫ ∞
0
Trreg
(
e−t∆p,N (τ)
)
ts−1dt
)
.
Let T > 0. We decompose the integral into the integrals over [0, T ] and [T,∞). The
integral over [T,∞) is an entire function of s. Hence it follows that
(1.13) log TY (N)(τ) = FPs=0
(
1
sΓ(s)
∫ T
0
KN(t, τ)t
s−1dt
)
+
∫ ∞
T
KN(t, τ)t
−1dt.
To deal with the second integral, we show that there exist C, c > 0 such that
(1.14)
1
vol(Y (N))
∣∣Trreg (e−t∆p,N (τ))∣∣ ≤ Ce−ct
for all t ≥ 1, p = 0, . . . , d, and N ∈ N. To prove (1.14) we use the definition (1.8) and the
trace formula, which gives
Trreg
(
e−t∆p,N (τ)
)
= Jspec(h
τ,p
t ⊗ χK(N)).
To estimate the right hand side we use the fine spectral expansion of [FLM1] and pro-
ceed as in [MzM]. However, the important new feature is that we need to control the
7dependence on N of all constants appearing in the estimations. The main ingredients of
the spectral side of the trace formula are logarithmic derivatives of intertwining operators.
Uniform estimations in N of the relevant integrals containing the logarithmic derivatives
were obtained in [FLM2]. These are essential for our purpose. Using (1.14) it follows that
vol(Y (N))−1 times the second integral in (1.13) is O(e−cT ), where the implied constants
are independent of N .
To deal with the first term, we first show that, up to a term which is O(e−cT ), we
can replace hτ,pt by a function with compact support h
τ,p
t,T with support depending on T
and which coincides with hτ,pt in a neighborhood of 1 ∈ G(R)1. The proof of this result
uses again the fine expansion of the spectral side of the trace formula. Next we use
the geometric side of the trace formula. Let Junip be the unipotent contribution to the
geometric side. Since hτ,pt,T has compact support, it follows that for sufficiently large N ,
the geometric side equals Junip(h
τ,p
t,T ⊗ χK(N)). Next we apply the fine geometric expansion
of [Ar4], which expresses Junip(h
τ,p
t,T ⊗ χK(N)) as a finite sum of weighted orbital integrals
JM(O, hτ,pt,T ⊗ χK(N)) (see (10.10)). Here M ∈ L and O runs over the set of unipotent
elements in M(Q) up to M(QS)-conjugacy for S = S(N) a suitable finite set of places. (If
G = GL(n), the resulting equivalence classes are just the unipotentM(Q)-conjugacy classes
inM(Q).) The coefficients aM(S(N),O) appearing in the fine geometric expansion depend
on a sufficiently large set S(N) of places of Q. Then by the decomposition formula (8.5) for
weighted orbital integrals, the study of JM(O, hτ,pt,T ⊗χK(N)) can be reduced to the study of
weighted orbital integrals at infinite place and at the finite places in S(N). At the infinite
place the weighted orbital integrals are of the form JLM(O∞, (hτ,pt,T )Q), where L ∈ L(M),
Q is a parabolic subgroup of G with Levi component L, and (hτ,pt,T )Q is defined by (8.4).
These integrals have been studied in [MzM]. By [MzM, Proposition 12.3], JLM(O∞, (hτ,pt,T )Q)
has an asymptotic expansion as t → 0. So we can form its partial Mellin transform
(10.16), which is a meromorphic function of s ∈ C. Then the constant term in the Laurent
expansion is the contribution of JLM(O∞, (hτ,pt,T )Q) to the first term on the right hand side
of (1.13). It is just a constant depending on T , but not N . We are left with the finite
orbital integrals JLM(Ofin, (χK(N))Q). Again using the decomposition formula, the study
of these integrals can be reduced to study of integrals of the form J
Lp
M (Op, 1K(N)p,Qp) at
primes p|N . Now the point is that in the case of GL(n) these integrals can be written as
integrals over Np(Qp) with a certain weight factor, where Np is the unipotent radical of
some parabolic subgroup in Lp (see (8.8)). The analysis of the weight factors leads to an
estimation of these integrals, depending on N . For M 6= G or M = G and O 6= 1, they all
decay in N like O(N−(n−1)(logN)a) for some fixed a > 0. The final step is to estimate the
constants aM(S(N),O) appearing in the fine geometric expansion (10.10). For GL(n) such
estimations were obtained in [Ma2]. The final result is that the contribution to first term
of the right hand side of (1.13) of the weighted orbital integrals JM(O, hτ,pt,T ⊗ χK(N)) with
M 6= Q times vol(Y (N))−1 decays like N−(n−1)(logN)a for some a > 0 independent of N .
For the contribution of (G, 1) we get vol(Y (N))(t
(2)
X˜
(τ)+O(e−cT ) This completes the proof
of the first part of Theorem 1.1. The second statement follows from [BV, Proposition 5.2].
8 JASMIN MATZ AND WERNER MU¨LLER
We expect that Theorem 1.1 holds more general for congruence subgroups of classical
groups. The main obstacle to extend the theorem to other groups is the fine geometric
expansion. At the moment, we only know how to estimate the coefficients aM (S(N), U)
for GL(n). Nevertheless, we expect to be able to overcome this problem. Therefore, we
will work in each section with the most general assumptions possible.
The paper is organized as follows. In section 2 we fix notations and recall some basic
facts. In section 3 we state some facts concerning heat kernels on symmetric spaces. In
section 4 we recall the definition of the regularized trace of the heat operator on Y (Kf)
and we introduce the analytic torsion. In section 5 we review the refined expansion of the
spectral side of the Arthur trace formula. The spectral side of the trace formula is used
in section 6 to study the large time behavior of the regularized trace of the heat operator.
The main point is to derive estimations which are uniform in Kf . In section 7 we study
the behavior of the regularized trace as t → 0. We use again the spectral side of the
trace formula to show that, up to an exponentially decreasing term, we can replace the
heat kernel by a compactly supported function. In section 8 we use the geometric side,
applied to the modified test function. It turns out that for principal congruence subgroups
K(N) of sufficient high level N ∈ N, only the unipotent contribution to the geometric
side occurs. Then we use Arthur’s fine geometric expansion, which expresses the unipotent
contribution in terms of weighted orbital integrals. In section 9 we derive estimations for
p-adic weighted orbital integrals. In the section 10 we prove our main result GL(n). Based
on this result, we prove Theorem 1.1 in the final section (11).
Acknowledgment. Section 11 is due to Werner Hoffmann. The authors are very grateful
to him for the permission to include it in the present paper.
2. Preliminaries
Let G be a reductive algebraic group defined over Q. We fix a minimal parabolic subgroup
P0 of G defined over Q and a Levi decomposition P0 = M0 · N0, both defined over Q. If
G = GL(n), we choose P0 to be the subgroup of upper triangular matrices of G, N0 its
unipotent radical, and M0 the group of diagonal matrices in G.
Let F be the set of parabolic subgroups of G which contain M0 and are defined over Q.
Let L be the set of subgroups of G which contain M0 and are Levi components of groups
in F . For any P ∈ F we write
P = MPNP ,
where NP is the unipotent radical of P and MP belongs to L. Let M ∈ L. Denote by AM
the Q-split component of the center of M . Put AP = AMP . Let L ∈ L and assume that
L contains M . Then L is a reductive group defined over Q and M is a Levi subgroup of
L. We shall denote the set of Levi subgroups of L which contain M by LL(M). We also
write FL(M) for the set of parabolic subgroups of L, defined over Q, which contain M ,
and PL(M) for the set of groups in FL(M) for which M is a Levi component. Each of
9these three sets is finite. If L = G, we shall usually denote these sets by L(M), F(M) and
P(M).
Let X(M)Q be the group of characters of M which are defined over Q. Put
(2.15) aM := Hom(X(M)Q,R).
This is a real vector space whose dimension equals that of AM . Its dual space is
a∗M = X(M)Q ⊗ R.
We shall write,
(2.16) aP = aMP , A0 = AM0 and a0 = aM0.
For M ∈ L let AM(R)0 be the connected component of the identity of the group AM(R).
Let W0 = NG(Q)(A0)/M0 be the Weyl group of (G,A0), where NG(Q)(H) is the normalizer
of H in G(Q). For any s ∈ W0 we choose a representative ws ∈ G(Q). Note that W0 acts
on L by sM = wsMw−1s . For M ∈ L let W (M) = NG(Q)(M)/M , which can be identified
with a subgroup of W0.
For any L ∈ L(M) we identify a∗L with a subspace of a∗M . We denote by aLM the annihilator
of a∗L in aM . We set
L1(M) = {L ∈ L(M) : dim aLM = 1}
and
(2.17) F1(M) =
⋃
L∈L1(M)
P(L).
We shall denote the simple roots of (P,AP ) by ∆P . They are elements of X(AP )Q and are
canonically embedded in a∗P . Let ΣP ⊂ a∗P be the set of reduced roots of AP on the Lie
algebra of G. For any α ∈ ΣM we denote by α∨ ∈ aM the corresponding co-root. Let P1
and P2 be parabolic subgroups with P1 ⊂ P2. Then a∗P2 is embedded into a∗P1 , while aP2
is a natural quotient vector space of aP1. The group MP2 ∩ P1 is a parabolic subgroup of
MP2 . Let ∆
P2
P1
denote the set of simple roots of (MP2 ∩ P1, AP1). It is a subset of ∆P1 . For
a parabolic subgroup P with P0 ⊂ P we write ∆P0 := ∆PP0 .
Let A be the ring of adeles of Q and Afin the ring of finite adeles of Q. We fix a maximal
compact subgroup K =
∏
ν Kν = K∞Kfin of G(A) = G(R)G(Afin). We assume that the
maximal compact subgroup K ⊂ G(A) is admissible with respect to M0 [Ar5, §1].
Let HM : M(A)→ aM be the homomorphism given by
(2.18) e〈χ,HM(m)〉 = |χ(m)|A =
∏
v
|χ(mv)|v
for any χ ∈ X(M). Let
M(A)1 := {m ∈M(A) : HM(m) = 0}.
Let g and k denote the Lie algebras of G(R) and K∞, respectively. Let θ be the Cartan
involution of G(R) with respect to K∞. It induces a Cartan decomposition g = p⊕ k. We
fix an invariant bi-linear form B on g which is positive definite on p and negative definite on
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k. This choice defines a Casimir operator Ω on G(R), and we denote the Casimir eigenvalue
of any π ∈ Π(G(R)) by λπ. Similarly, we obtain a Casimir operator ΩK∞ on K∞ and write
λτ for the Casimir eigenvalue of a representation τ ∈ Π(K∞) (cf. [BG, §2.3]). The form B
induces a Euclidean scalar product (X, Y ) = −B(X, θ(Y )) on g and all its subspaces. For
τ ∈ Π(K∞) we define ‖τ‖ as in [CD, §2.2]. Note that the restriction of the scalar product
(·, ·) on g to a0 gives a0 the structure of a Euclidean space. In particular, this fixes Haar
measures on the spaces aLM and their duals (a
L
M)
∗. We follow Arthur in the corresponding
normalization of Haar measures on the groups M(A) ([Ar1, §1]).
Finally we introduce the space of Schwartz functions C(G(A)1) from [FL1]. For any
compact open subgroup Kf of G(Af) the space G(A)
1/Kf is the countable disjoint union
of copies of
(2.19) G(R)1 = G(R) ∩G(A)1
and therefore, it is a differentiable manifold. Any element X ∈ U(g1∞) of the universal en-
veloping algebra of the Lie algebra g1∞ of G(R)
1 defines a left invariant differential operator
f 7→ f ∗ X on G(A)1/Kf . Let C(G(A)1;Kf) be the space of smooth right Kf -invariant
functions on G(A)1 which belong, together with all their derivatives, to L1(G(A)1). The
space C(G(A)1;Kf) becomes a Fre´chet space under the seminorms
‖f ∗X‖L1(G(A)1), X ∈ U(g1∞).
Denote by C(G(A)1) the union of the spaces C(G(A)1;Kf) as Kf varies over the compact
open subgroups of G(Af) and endow C(G(A)1) with the inductive limit topology.
3. Heat kernels
Since the heat kernel of the twisted Laplace operators plays a key role in the paper,
we summarize some basic facts about Bochner-Laplace operators on global Riemannian
symmetric spaces and their heat kernels. In this section we assume that G is a connected
semisimple group and G(R) is of noncompact type. Then G(R) is a semisimple real Lie
group of noncompact type. Let K∞ ⊂ G(R) be a maximal compact subgroup and
X˜ = G(R)/K∞
the associated Riemannian symmetric space. Let Γ ⊂ G(R) be a torsion free lattice and
let X = Γ\X˜. Let ν be a finite-dimensional unitary representation of K∞ on (Vν , 〈·, ·〉ν).
Let
E˜ν := G(R)×ν Vν
be the associated homogeneous vector bundle over X˜ . Then 〈·, ·〉ν induces a G(R)-invariant
metric h˜ν on E˜ν . Let ∇˜ν be the connection on E˜ν induced by the canonical connection on
the principal K∞-fiber bundle G(R)→ G(R)/K∞. Then ∇˜ν is G(R)-invariant. Let
Eν := Γ\E˜ν
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be the associated locally homogeneous vector bundle over X . Since h˜ν and ∇˜ν are G(R)-
invariant, they push down to a metric hν and a connection ∇ν on Eν . Let C∞(X˜, E˜ν) resp.
C∞(X,Eν) denote the space of smooth sections of E˜ν , resp. Eν . Let
C∞(G(R), ν) := {f : G(R)→ Vν : f ∈ C∞, f(gk) =ν(k−1)f(g),
∀g ∈ G(R), ∀k ∈ K∞},
(3.1)
Let L2(G(R), ν) be the corresponding L2-space. There is a canonical isomorphism
(3.2) A˜ : C∞(X˜, E˜ν) ∼= C∞(G(R), ν),
(see [Mia, p. 4]). A˜ extends to an isometry of the corresponding L2-spaces. Let
C∞(Γ\G(R), ν) := {f ∈ C∞(G(R), ν) : f(γg) = f(g) ∀g ∈ G(R), ∀γ ∈ Γ}(3.3)
and let L2(Γ\G(R), ν) be the corresponding L2-space. The isomorphism (3.2) descends to
isomorphisms
(3.4) A : C∞(X,Eν) ∼= C∞(Γ\G(R), ν), L2(X,Eν) ∼= L2(Γ\G(R), ν).
Let ∆˜ν = ∇˜ν
∗∇˜ν be the Bochner-Laplace operator of E˜ν . This is a G(R)-invariant second
order elliptic differential operator whose principal symbol is given by
σ∆˜ν (x, ξ) = ‖ξ‖2x · IdEν,x, x ∈ X˜, ξ ∈ T ∗x (X˜).
Since X˜ is complete, ∆˜ν with domain the smooth compactly supported sections is essen-
tially self-adjoint [LM, p. 155]. Its self-adjoint extension will be denoted by ∆˜ν too. Let
Ω ∈ Z(gC) and ΩK∞ ∈ Z(k) be the Casimir operators of g and k, respectively, where the
latter is defined with respect to the restriction of the normalized Killing form of g to k.
Then with respect to the isomorphism (3.2) we have
∆˜ν = −R(Ω) + ν(ΩK∞),(3.5)
where R denotes the right regular representation of G(R) in C∞(G(R), ν) (see [Mia, Propo-
sition 1.1]).
Let e−t∆˜ν , t > 0, be the heat semigroup generated by ∆˜ν . It commutes with the action of
G(R). With respect to the isomorphism (3.2) we may regard e−t∆˜ν as a bounded operator in
L2(G(R), ν), which commutes with the action of G(R). Hence it is a convolution operator,
i.e., there exists a smooth map
(3.6) Hνt : G(R)→ End(Vν)
such that
(e−t∆˜νφ)(g) =
∫
G(R)
Hνt (g
−1g′)(φ(g′)) dg′, φ ∈ L2(G(R), ν).
The kernel Hνt satisfies
Hνt (k
−1gk′) = ν(k)−1 ◦Hνt (g) ◦ ν(k′), ∀k, k′ ∈ K, ∀g ∈ G.(3.7)
12 JASMIN MATZ AND WERNER MU¨LLER
Moreover, proceeding as in the proof of [BM, Proposition 2.4] it follows that Hνt belongs to
(C q(G(R))⊗End(Vν))K∞×K∞ for all q > 0, where C q(G(R)) is Harish-Chandra’s Schwartz
space of Lq-integrable rapidly decreasing functions on G(R).
Let π be a unitary representation of G(R) on a Hilbert space Hπ. Define a bounded
operator on Hπ ⊗ Vν by
π˜(Hνt (g)) :=
∫
G(R)
π(g)⊗Hνt (g) dg.(3.8)
Then relative to the splitting
Hπ ⊗ Vν = (Hπ ⊗ Vν)K∞ ⊕
(
(Hπ ⊗ Vν)K∞
)⊥
,
π˜(Hνt ) has the form (
π(Hνt ) 0
0 0
)
,
where π(Hνt ) acts on (Hπ ⊗ Vν)K∞ . Assume that π is irreducible. Let π(Ω) be the Casimir
eigenvalue of π. Then as in [BM, Corollary 2.2] it follows from (3.5) that
(3.9) π(Hνt ) = e
t(π(Ω)−ν(ΩK∞ )) Id,
where Id is the identity on (Hπ ⊗ Vν)K∞. Put
(3.10) hνt (g) := trH
ν
t (g), g ∈ G(R).
Then hνt ∈ C q(G(R)) for all q > 0. Let π be a unitary representation of G(R). Put
π(hνt ) =
∫
G(R)
hνt (g)π(g) dg.
Assume that π(Hνt ) is a trace class operator. Then it follows as in [BM, Lemma 3.3] that
π(hνt ) is a trace class operator and
(3.11) Tr π(hνt ) = Tr π(H
ν
t ).
Now assume that π is a unitary admissible representation. Let A : Hπ →Hπ be a bounded
operator which is an intertwining operator for π|K . Then A ◦ π(hνt ) is again a finite rank
operator. Define an operator A˜ on Hπ ⊗ Vν by A˜ := A⊗ Id. Then by the same argument
as in [BM, Lemma 5.1] one has
(3.12) Tr
(
A˜ ◦ π˜(Hνt )
)
= Tr (A ◦ π(hνt )) .
Together with (3.9) we obtain
(3.13) Tr (A ◦ π(hνt )) = et(π(Ω)−ν(ΩK∞ )) Tr
(
A˜|(Hpi⊗Vν)K
)
.
Next we consider the twisted Laplace operator. Let τ be an irreducible finite dimensional
representation of G(R) on Vτ . Let Fτ be the flat vector bundle over X associated to the
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restriction of τ to Γ. Let E˜τ be the homogeneous vector bundle over X˜ associated to τ |K∞
and let Eτ := Γ\E˜τ . There is a canonical isomorphism
(3.14) Eτ ∼= Fτ
[MM, Proposition 3.1]. By [MM, Lemma 3.1], there exists an inner product 〈·, ·〉 on Vτ
such that
(1) 〈τ(Y )u, v〉 = −〈u, τ(Y )v〉 for all Y ∈ k, u, v ∈ Vτ
(2) 〈τ(Y )u, v〉 = 〈u, τ(Y )v〉 for all Y ∈ p, u, v ∈ Vτ .
Such an inner product is called admissible. It is unique up to scaling. Fix an admissible
inner product. Since τ |K∞ is unitary with respect to this inner product, it induces a metric
on Eτ , and by (3.14) on Fτ , which we also call admissible. Let Λ
p(Fτ ) = Λ
pT ∗(X) ⊗ Fτ .
By (3.14) Λp(Fτ ) is isomorphic to the locally homogeneous vector bundle associated to the
representation
νp(τ) := Λ
pAd∗⊗τ : K∞ → GL(Λpp∗ ⊗ Vτ ).(3.15)
The space of smooth section of Λp(Fτ ) is the space Λ
p(X,Fτ ) of Fτ -valued p-forms. By
(3.3) there is a canonical isomorphism
(3.16) Λp(X,Fτ ) ∼= C∞(Γ\G, νp(τ)).
Let ∆p(τ) be the Laplace operator in Λ
p(X,Fτ ). Let RΓ be the right regular representation
of G(R) in C∞(Γ\G, νp(τ)) and Ω the Casimir element of G(R). By [MM] it follows that
with respect to the isomorphism (3.16) we have
(3.17) ∆p(τ) = −RΓ(Ω) + τ(Ω).
Let ∆˜p(τ) be the lift of ∆p(τ) to the universal covering X˜ . It acts in the space Λ
p(X˜, F˜τ )
of p-forms on X˜ with values in the pull back F˜τ of Fτ . Then by (3.2) we have
Λp(X˜, F˜τ ) ∼= C∞(G(R), νp(τ)).
and with respect to this isomorphism we also have
∆˜p(τ) = −R(Ω) + τ(Ω),
where R is the regular representation of G(R) in C∞(G(R), νp(τ)). Using (3.5) we obtain
(3.18) ∆˜p(τ) = ∆˜νp(τ) + τ(Ω)− νp(τ)(ΩK∞).
We note that ∆˜p(τ) is a formally self-adjoint, non-negative, elliptic second order differential
operator. Regarded as operator in the Hilbert space L2Λp(X,Fτ ) of square integrable Fτ -
valued p-forms on X with domain the space of compactly supported smooth p-forms, it
has a unique self-adjoint extension which we also denote by ∆˜p(τ). This is a non-negative
self-adjoint operator in Λp(X˜, F˜τ ). Let e
−t∆˜p(τ), t > 0, be the heat semigroup generated by
14 JASMIN MATZ AND WERNER MU¨LLER
∆˜p(τ). It is well known that e
−t∆˜p(τ) is an integral operator with a smooth kernel. Since
∆˜p(τ) commutes with the action of G(R), e
−t∆˜p(τ) is a convolution operator with kernel
(3.19) Hτ,pt : G(R)→ End(Λpp⋆ ⊗ Vτ ),
which belongs to C∞ ∩ L2, and satisfies the covariance property
(3.20) Hτ,pt (k
−1gk′) = νp(τ)(k)
−1Hτ,pt (g)νp(τ)(k
′)
with respect to the representation (3.15). Moreover, for all q > 0 we have
(3.21) Hτ,pt ∈ (Cq(G(R))⊗ End(Λpp∗ ⊗ Vτ ))K∞×K∞,
where Cq(G(R)) denotes Harish-Chandra’s Lq-Schwartz space (see [MP, Sect. 4]). Let
hτ,pt ∈ C∞(G(R)) be defined by
(3.22) hτ,pt (g) = trH
τ,p
t (g), g ∈ G(R).
Then hτ,pt ∈ Cq(G(R)) for all q > 0.
4. Analytic torsion
We briefly recall the definition of the analytic torsion. For details we refer to [MzM].
Let G be a reductive algebraic group over Q. Let K∞ ⊂ G(R)1 be a maximal compact
subgroup and X˜ = G(R)1/K∞. Let Kf ⊂ G(Af) be an open compact subgroup. Let
(4.1) X(Kf) := G(Q)\(X˜ ×G(Af))/Kf
be the adelic quotient. It is the disjoint union of finitely many components Γi\X˜ , where
Γi ⊂ G(Q), i = 1, . . . , m, are arithmetic subgroups. Let τ ∈ Rep(G(R)1). Denote by Eτ ;i
the locally flat vector bundle over Γi\X˜ , associated to τ |Γi. Let Eτ be the disjoint union
of the Eτ ;i. Then Eτ is a flat vector bundle over X(Kf ). Let ∆p(τ) the Laplace operator
on Eτ -valued p-forms over X(Kf). Let h
τ,p
t be the function defined by (3.22) and let χKf
be the normalized characteristic function of Kf in G(Af) defined by (1.7). Put
(4.2) φτ,pt := h
τ,p
t ⊗ χKf .
Then φτ,pt belongs to the adelic Schwartz space C(G(A)1;Kf) (see section 2). Let Jgeo(f),
f ∈ C∞c (G(A)1) be the geometric side of the Arthur trace formula [Ar1]. The distribution
Jgeo extends to C(G(A)1;Kf) (see [FL1]). In [MzM, (13.17)] we defined the regularized
trace of the heat operator e−t∆p(τ) by
(4.3) Trreg
(
e−t∆p(τ)
)
:= Jgeo(φ
τ,p
t ).
For the motivation for this definition we refer to [MzM]. We only note that if X(Kf) is
compact, then e−t∆p(τ) is a trace class operator and the regularized trace is the usual trace,
which is equal to the spectral side of the trace formula. So in this case, (4.3) is just the
trace formula. To define the zeta function ζp(s, τ) through the Mellin transform of the
regularized trace of the heat operator, we need to determine the asymptotic behavior of
Trreg(e
−t∆p(τ)) as t→∞ and t→ 0. This requires additional assumptions.
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From now on we assume that G = GL(n) or SL(n). Let θ be the Cartan involution of
G(R)1. Let τθ = τ ◦ θ. Assume that τ 6= τθ. Then by [MzM, Proposition 13.4] and the
trace formula we have
(4.4) Trreg
(
e−t∆p(τ)
)
= O(e−ct)
as t→∞. The existence of an asymptotic expansion as t→ 0 follows from [MzM, Theorem
1.1]. Assume that Kf is contained in K(N) for some N ≥ 3. Then there is an asymptotic
expansion
(4.5) Trreg
(
e−t∆p(τ)
) ∼ t−d/2 ∞∑
j=0
ajt
j + t−(d−1)/2
∞∑
j=0
rj∑
i=0
bijt
j/2(log t)i
as t→ 0. Thus, under the assumptions above, the integral
(4.6) ζp(s, τ) :=
1
Γ(s)
∫ ∞
0
Trreg
(
e−t∆p(τ)
)
ts−1dt
converges absolutely and uniformly on compact subsets of the half-plane Re(s) > d/2, and
admits a meromorphic extension to the entire complex plane. Due to the logarithmic terms
in the expansion (4.5), the zeta function ζp(s, τ) may have a pole at s = 0. The analytic
torsion is then defined by (1.9).
In the case of G = GL(3) we are able to determine the coefficients of the log-terms. This
shows that the zeta functions definitely have a pole at s = 0. However, the combination∑5
p=1(−1)ppζp(s; τ) turns out to be holomorphic at s = 0 (see [MzM, sect. 14]) and we
can define the logarithm of the analytic torsion by
log TX(Kf )(τ) =
d
ds
(
1
2
5∑
p=1
(−1)ppζp(s; τ)
)∣∣∣∣
s=0
.
5. Review of the spectral side of the trace formula
In this section G is an arbitrary reductive algebraic group over Q. Arthur’s (non-
invariant) trace formula is the equality
(5.1) Jgeo(f) = Jspec(f), f ∈ C∞c (G(A)1),
of two distributions on G(A)1, namely the equality of the geometric side Jgeo(f) and the
spectral side Jspec(f) of the trace formula. In this section we recall the definition of the
spectral side, and in particular the refinement of the spectral expansion obtained in [FLM1],
which we need for our purpose. Combining [FLM1] and [FL1], it follows that (5.1) extends
continuously to f ∈ C(G(A)1).
The main ingredient of the spectral side are logarithmic derivatives of intertwining oper-
ators. We briefly recall the structure of the intertwining operators.
Let P ∈ P(M). Let UP be the unipotent radical of P . Recall that we denote by ΣP ⊂ a∗P
the set of reduced roots of AM of the Lie algebra uP of UP . Let ∆P be the subset of simple
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roots of P , which is a basis for (aGP )
∗. Write a∗P,+ for the closure of the Weyl chamber of
P , i.e.
a∗P,+ = {λ ∈ a∗M : 〈λ, α∨〉 ≥ 0 for all α ∈ ΣP} = {λ ∈ a∗M : 〈λ, α∨〉 ≥ 0 for all α ∈ ∆P}.
Denote by δP the modulus function of P (A). Let A¯2(P ) be the Hilbert space completion
of
{φ ∈ C∞(M(Q)UP (A)\G(A)) : δ−
1
2
P φ(·x) ∈ L2disc(AM(R)0M(Q)\M(A)), ∀x ∈ G(A)}
with respect to the inner product
(φ1, φ2) =
∫
AM (R)0M(Q)UP (A)\G(A)
φ1(g)φ2(g) dg.
Let α ∈ ΣM . We say that two parabolic subgroups P,Q ∈ P(M) are adjacent along α, and
write P |αQ, if ΣP ∩ −ΣQ = {α}. Alternatively, P and Q are adjacent if the group 〈P,Q〉
generated by P and Q belongs to F1(M) (see (2.17) for its definition). Any R ∈ F1(M) is
of the form 〈P,Q〉, where P,Q are the elements of P(M) contained in R. We have P |αQ
with α∨ ∈ Σ∨P ∩ aRM . Interchanging P and Q changes α to −α.
For any P ∈ P(M) let HP : G(A)→ aP be the extension of HM to a left UP (A)-and right
K-invariant map. Denote by A2(P ) the dense subspace of A¯2(P ) consisting of its K- and
z-finite vectors, where z is the center of the universal enveloping algebra of g ⊗ C. That
is, A2(P ) is the space of automorphic forms φ on UP (A)M(Q)\G(A) such that δ−
1
2
P φ(·k) is
a square-integrable automorphic form on AM(R)
0M(Q)\M(A) for all k ∈ K. Let ρ(P, λ),
λ ∈ a∗M,C, be the induced representation of G(A) on A¯2(P ) given by
(ρ(P, λ, y)φ)(x) = φ(xy)e〈λ,HP (xy)−HP (x)〉.
It is isomorphic to the induced representation
Ind
G(A)
P (A)
(
L2disc(AM(R)
0M(Q)\M(A)) ⊗ e〈λ,HM (·)〉) .
For P,Q ∈ P(M) let
MQ|P (λ) : A2(P )→ A2(Q), λ ∈ a∗M,C,
be the standard intertwining operator [Ar9, §1], which is the meromorphic continuation in
λ of the integral
[MQ|P (λ)φ](x) =
∫
UQ(A)∩UP (A)\UQ(A)
φ(nx)e〈λ,HP (nx)−HQ(x)〉 dn, φ ∈ A2(P ), x ∈ G(A).
Given π ∈ Πdis(M(A)), let A2π(P ) be the space of all φ ∈ A2(P ) for which the func-
tion M(A) ∋ x 7→ δ−
1
2
P φ(xg), g ∈ G(A), belongs to the π-isotypic subspace of the
space L2(AM(R)
0M(Q)\M(A)). For any P ∈ P(M) we have a canonical isomorphism
of G(Af)× (gC, K∞)-modules
jP : Hom(π, L
2(AM(R)
0M(Q)\M(A)))⊗ IndG(A)P (A)(π)→ A2π(P ).
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If we fix a unitary structure on π and endow Hom(π, L2(AM(R)
0M(Q)\M(A))) with the
inner product (A,B) = B∗A (which is a scalar operator on the space of π), the isomorphism
jP becomes an isometry.
Suppose that P |αQ. The operator MQ|P (π, s) := MQ|P (s̟)|A2pi(P ), where ̟ ∈ a∗M is such
that 〈̟,α∨〉 = 1, admits a normalization by a global factor nα(π, s) which is a meromorphic
function in s. We may write
(5.2) MQ|P (π, s) ◦ jP = nα(π, s) · jQ ◦ (Id⊗RQ|P (π, s))
where RQ|P (π, s) = ⊗vRQ|P (πv, s) is the product of the locally defined normalized in-
tertwining operators and π = ⊗vπv [Ar9, §6], (cf. [Mu2, (2.17)]). In many cases, the
normalizing factors can be expressed in terms automorphic L-functions [Sha1], [Sha2].
For example, let G = GL(n). Then the global normalizing factors nα can be expressed
in terms of Rankin-Selberg L-functions. The known properties of these functions are col-
lected and analyzed in [Mu1, §§4,5]. WriteM ≃∏ri=1GL(ni), where the root α is trivial on∏
i≥3GL(ni), and let π ≃ ⊗πi with representations πi ∈ Πdisc(GL(ni,A)). Let L(s, π1× π˜2)
be the completed Rankin-Selberg L-function associated to π1 and π2. It satisfies the func-
tional equation
(5.3) L(s, π1 × π˜2) = ǫ(1
2
, π1 × π˜2)N(π1 × π˜2) 12−sL(1− s, π˜1 × π2)
where |ǫ(1
2
, π1 × π˜2)| = 1 and N(π1 × π˜2) ∈ N is the conductor. Then we have
(5.4) nα(π, s) =
L(s, π1 × π˜2)
ǫ(1
2
, π1 × π˜2)N(π1 × π˜2) 12−sL(s + 1, π1 × π˜2)
.
We now turn to the spectral side. Let L ⊃ M be Levi subgroups in L, P ∈ P(M),
and let m = dim aGL be the co-rank of L in G. Denote by BP,L the set of m-tuples
β = (β∨1 , . . . , β
∨
m) of elements of Σ
∨
P whose projections to aL form a basis for a
G
L . For any
β = (β∨1 , . . . , β
∨
m) ∈ BP,L let vol(β) be the co-volume in aGL of the lattice spanned by β and
let
ΞL(β) = {(Q1, . . . , Qm) ∈ F1(M)m : β∨i ∈ aQiM , i = 1, . . . , m}
= {〈P1, P ′1〉, . . . , 〈Pm, P ′m〉) : Pi|βiP ′i , i = 1, . . . , m}.
For any smooth function f on a∗M and µ ∈ a∗M denote by Dµf the directional derivative
of f along µ ∈ a∗M . For a pair P1|αP2 of adjacent parabolic subgroups in P(M) write
(5.5) δP1|P2(λ) =MP2|P1(λ)D̟MP1|P2(λ) : A2(P2)→ A2(P2),
where ̟ ∈ a∗M is such that 〈̟,α∨〉 = 1. 1 Equivalently, writing MP1|P2(λ) = Φ(〈λ, α∨〉)
for a meromorphic function Φ of a single complex variable, we have
δP1|P2(λ) = Φ(〈λ, α∨〉)−1Φ′(〈λ, α∨〉).
1Note that this definition differs slightly from the definition of δP1|P2 in [FLM1].
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For any m-tuple X = (Q1, . . . , Qm) ∈ ΞL(β) with Qi = 〈Pi, P ′i 〉, Pi|βiP ′i , denote by
∆X (P, λ) the expression
(5.6)
vol(β)
m!
MP ′1|P (λ)
−1δP1|P ′1(λ)MP ′1|P ′2(λ) · · · δPm−1|P ′m−1(λ)MP ′m−1|P ′m(λ)δPm|P ′m(λ)MP ′m|P (λ).
In [FLM1, pp. 179-180] we defined a (purely combinatorial) map XL : BP,L → F1(M)m
with the property that XL(β) ∈ ΞL(β) for all β ∈ BP,L.2
For any s ∈ W (M) let Ls be the smallest Levi subgroup in L(M) containing ws. We
recall that aLs = {H ∈ aM | sH = H}. Set
ιs = |det(s− 1)aLs
M
|−1.
For P ∈ F(M0) and s ∈ W (MP ) let M(P, s) : A2(P ) → A2(P ) be as in [Ar3, p. 1309].
M(P, s) is a unitary operator which commutes with the operators ρ(P, λ, h) for λ ∈ ia∗Ls.
Finally, we can state the refined spectral expansion.
Theorem 5.1 ([FLM1]). For any h ∈ C∞c (G(A)1) the spectral side of Arthur’s trace
formula is given by
(5.7) Jspec(h) =
∑
[M ]
Jspec,M(h),
M ranging over the conjugacy classes of Levi subgroups of G (represented by members of
L), where
(5.8) Jspec,M(h) =
1
|W (M)|
∑
s∈W (M)
ιs
∑
β∈BP,Ls
∫
i(aG
Ls
)∗
tr(∆XLs (β)(P, λ)M(P, s)ρ(P, λ, h)) dλ
with P ∈ P(M) arbitrary. The operators are of trace class and the integrals are absolutely
convergent with respect to the trace norm and define distributions on C(G(A)1).
Note that the term corresponding toM = G is Jspec,G(h) = trRdisc(h). Next assume that
M is the Levi subgroup of a maximal parabolic subgroup P . Furthermore, let L = M . Let
P¯ be the opposite parabolic subgroup to P . Then up to a constant, the contribution to
the spectral side is given by∑
π∈Πdis(M(A)
1)
∫
ia∗
tr(MP¯ |P (π, λ)
−1 d
dz
MP¯ |P (π, λ)M(P, s)ρ(P, π, λ, h)) dλ.
2The map XL depends in fact on the additional choice of a vector µ ∈ (a∗M )m which does not lie in an
explicit finite set of hyperplanes. For our purposes, the precise definition of XL is immaterial.
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6. Large time behavior of the regularized trace
The purpose of this section is to improve (4.4) so that the estimations are uniform with
respect to Kf . To this end we use the trace formula (5.1). By Theorem 5.1, Jspec is a
distribution on C(G(A);Kf) and by [FL1, Theorem 7.1], Jgeo is continuous on C(G(A);Kf).
This implies that (5.1) holds for φτ,pt . Using the definition (4.3) of the regularized trace
and the trace formula we get
(6.1) Trreg
(
e−t∆p(τ)
)
= Jspec(φ
τ,p
t ).
Now we apply Theorem 5.1 to study the asymptotic behavior as t→∞ of the right hand
side. Let M ∈ L and P ∈ P(M). Recall that L2dis(AM (R)0M(Q)\M(A)) splits as the
completed direct sum of its π-isotypic components for π ∈ Πdis(M(A)). We have a corre-
sponding decomposition of A¯2(P ) as a direct sum of Hilbert spaces ⊕ˆπ∈Πdis(M(A))A¯2π(P ).
Similarly, we have the algebraic direct sum decomposition
A2(P ) =
⊕
π∈Πdis(M(A))
A2π(P ),
where A2π(P ) is the K-finite part of A¯2π(P ). For σ ∈ K̂∞ let A2π(P )σ be the σ-isotypic
subspace. Then A2π(P ) decomposes as
A2π(P ) =
⊕
σ∈K̂∞
A2π(P )σ.
Let A2π(P )Kf be the subspace of Kf -invariant functions in A2π(P ), and for any σ ∈ K̂∞
let A2π(P )Kf ,σ be the σ-isotypic subspace of A2π(P )Kf . Recall that A2π(P )Kf ,σ is finite
dimensional. Let MQ|P (π, λ) denote the restriction of MQ|P (λ) to A2π(P ). Recall that the
operator ∆χ(P, λ), which appears in the formula (5.8), is defined by (5.6). Its definition
involves the intertwining operators MQ|P (λ). If we replace MQ|P (λ) by its restriction
MQ|P (π, λ) toA2π(P ), we obtain the restriction ∆χ(P, π, λ) of ∆χ(P, λ) toA2π(P ). Similarly,
let ρπ(P, λ) be the induced representation in A¯2π(P ). Fix β ∈ BP,Ls and s ∈ W (M). Then
for the integral on the right of (5.8) with h = φτ,pt we get
(6.2)
∑
π∈Πdis(M(A))
∫
i(aG
Ls
)∗
Tr
(
∆XLs (β)(P, π, λ)M(P, π, s)ρπ(P, λ, φ
τ,p
t )
)
dλ.
Let P,Q ∈ P(M) and ν ∈ Π(K∞). Denote by M˜Q|P (π, ν, λ) the restriction of
MQ|P (π, λ)⊗ Id : A2π(P )⊗ Vν → A2π(P )⊗ Vν
to (A2π(P )Kf ⊗ Vν)K∞ . Denote by ∆˜XLs (β)(P, π, ν, λ) and M˜(P, π, ν, s) the corresponding
restrictions. Let m(π) denote the multiplicity with which π occurs in the regular represen-
tation of M(A) in L2dis(M(Q)\M(A)). Then
(6.3) ρπ(P, λ) ∼= ⊕m(π)i=1 IndG(A)P (A)(π, λ).
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Let π = π∞ ⊗ πf , where π∞ and πf are irreducible unitary representations of M(R) and
M(Af ), respectively. Then
Ind
G(A)
P (A)(π, λ) = Ind
G(R)
P (R)(π∞, λ)⊗ Ind
G(Af )
P (Af )
(πf , λ).
Let H(π∞) and H(πf ) denote the Hilbert space of π∞ and πf , respectively. Let ω(π∞, λ)
be the Casimir eigenvalue of the induced representation Ind
G(R)
P (R)(π∞, λ) and let ΠKf be the
orthogonal projection of H(πf ) onto the subspace H(πf )Kf of Kf -invariant vectors. Then
by (3.17) it follows that
Ind
G(R)
P (R)(π∞, λ, h
τ,p
t ) = e
t(τ(Ω)−ω(π∞ ,λ)) Id,
where Id is the identity on (H(π∞)⊗ Λpp⋆ ⊗ Vτ )K∞. Furthermore,
Ind
G(Af )
P (Af )
(πf , λ, χKf ) = ΠKf .
Let ΠKf ,νp(τ) denote the orthogonal projection onto A¯2π(P )Kf ,νp(τ). Then it follows that
(6.4) ρπ(P, λ, φ
τ,p
t ) = e
t(τ(Ω)−ω(π∞ ,λ))ΠKf ,νp(τ).
Fix positive restricted roots of aP and let ρaP denote the corresponding half-sum of these
roots. For ξ ∈ Π(M(R)) and λ ∈ a∗P let
πξ,λ := Ind
G(R)
P (R)(ξ ⊗ eiλ)
be the unitary induced representation. Let ξ(ΩM) be the Casimir eigenvalue of ξ. Define
a constant c(ξ) by
(6.5) c(ξ) := −〈ρaP , ρaP 〉+ ξ(ΩM).
Then for λ ∈ a∗P one has
(6.6) πξ,λ(Ω) = −‖λ‖2 + c(ξ)
(see [Kn, Theorem 8.22]). Let
(6.7) T := {ν ∈ Π(K∞) : [νp(τ) : ν] 6= 0}.
Using (6.4) and (3.13), it follows that (6.2) is equal to∑
π∈Πdis(M(A))
∑
ν∈T
e−t(τ(Ω)−c(π∞))
∫
i(aG
Ls
)∗
e−t‖λ‖
2
Tr
(
∆˜XLs (β)(P, π, ν, λ)M˜(P, π, ν, s)
)
dλ.
(6.8)
Using that M(P, π, s) is unitary, it follows that (6.8) can be estimated by∑
π∈Πdis(M(A))
∑
ν∈T
dim
(A2π(P )Kf ,ν)
· e−t(τ(Ω)−c(π∞))
∫
i(aG
Ls
)∗
e−t‖λ‖
2‖∆˜XLs (β)(P, π, ν, λ)‖ dλ.
(6.9)
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First we estimate the integral in (6.9). Let β = (β∨1 , . . . , β
∨
m) and XLs(β) = (Q1, . . . , Qm) ∈
ΞLs(β) with with Qi = 〈Pi, P ′i 〉, Pi|βiP ′i , i = 1, . . . , m. Using the definition (5.6) of
∆XLs (β)(P, π, ν, λ), it follows that we can bound the integral by a constant multiple of
(6.10) dim(ν)
∫
i(aG
Ls
)∗
e−t‖λ‖
2
m∏
i=1
∥∥∥∥δPi|P ′i (λ)∣∣∣A2pi(P ′i )Kf ,ν
∥∥∥∥ dλ.
We introduce new coordinates si := 〈λ, β∨i 〉, i = 1, . . . , m, on (aGLs,C)∗. Using (5.2), we can
write
(6.11) δPi|P ′i (λ) =
n′βi(π, si)
nβi(π, si)
+ jP ′i ◦ (Id⊗RPi|P ′i (π, si)−1R′Pi|P ′i (π, si)) ◦ j
−1
P ′i
.
In [FLM2, Definition 5.2, Definition 5.9] two conditions, called (TWN) and (BD), for an
arbitrary reductive group have been formulated, which imply appropriate estimations for
the terms on the right. Furthermore, in [FLM2, Prop. 5.5, Prop. 5.15] it was shown
that the conditions (TWN) and (BD) both hold for GL(n) and SL(n). Assume that the
conditions (TWN) and (BD) hold for G. Then as in [FLM2, (22)] this implies that for any
ǫ > 0 and sufficiently large k and m one has
∫
i(aG
Ls
)∗
(1 + ‖λ‖)−k
m∏
i=1
∥∥∥∥δPi|P ′i (λ)∣∣∣A2pi(P ′i )Kf ,ν
∥∥∥∥ dλ≪ε,T ΛM(π∞;GM)m level(Kf ;G+M)ε.
(6.12)
for all ν ∈ T . To estimate ΛM(π∞;GM) we first recall Vogan’s definition of a norm on ‖ · ‖
on Π(K∞). Let χµ be the highest weight of an arbitrary irreducible constituent of µ|K0∞
with respect to a maximal torus of K0∞ and the choice of a system of positive roots. Let ρ
be the half sum of all positive roots with multiplicities. For µ ∈ Π(K∞) the norm ‖µ‖ is
defined by ‖µ‖ = ‖χµ + 2ρ‖2. A minimal K∞-type of a representation of G(R) is then a
K∞-type minimizing ‖ · ‖. For π ∈ Π(M(A)) denote by λπ∞ the Casimir eigenvalue of the
restriction of π∞ to M(R)
1. Let
(6.13) Λπ = min
τ
√
λ2π∞ + λ
2
τ ,
where τ runs over the lowest K∞-types of the induced representation Ind
G(R)
P (R)(π∞). Then
by [FLM2, (10)] we have
(6.14) 1 ≤ ΛM(π;GM) ≤ 1 + Λ2π.
Now observe that dimA2π(P )Kf ,ν = 0, unless [IndG(R)P (R)(π∞)|K∞ : ν] > 0. Thus for a minimal
K∞-type τ of Ind
G(R)
P (R)(π∞) one has λ
2
τ ≤ λ2ν . Since T is finite, there exists C > 0 such that
(6.15) Λπ ≤ C(1 + |λπ∞|)
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for all π ∈ Πdis(M(A)) with dimA2π(P )Kf ,ν 6= 0. Thus it follows that for t ≥ 1, (6.9) can
be estimated by a constant times
(6.16)
∑
π∈Πdis(M(A))
∑
ν∈T
dim
(A2π(P )Kf ,ν) e−t(τ(Ω)−c(π∞))(1 + |λπ∞|)m level(Kf ;G+M)ε.
To continue with the estimation, we need the following lemma.
Lemma 6.1. Let P = MAN be a parabolic subgroup of G and let KM,∞ = M(R) ∩K∞.
Let (τ, Vτ) ∈ Rep(G(R)). Assume that τ ≇ τθ. There exists δ > 0 such that for all
(ξ,Wξ) ∈ Π(M(R)1) satisfying dim(Wξ ⊗ Λpp∗ ⊗ Vτ )KM,∞ 6= 0 one has
τ(Ω)− c(ξ) ≥ δ.
Proof. First consider the case P = G. In the proof of Lemma 4.1 in [BV] it is shown that
there exists δ > 0 such that
(6.17) τ(Ω)− π(Ω) ≥ δ
for each irreducible unitary representation π of G(R) for which
HomK∞(Λ
pp⊗ Vτ , π) 6= 0.
In fact, the proof goes through for every unitary representation π of G(R) such that π(Ω)
is a scalar (see [BW, §II, Prop. 6.12].
Now let P = MAN be a proper parabolic subgroup of G. Let ξ ∈ Π(M(R)1) with
dim(Wξ ⊗ Λpp∗ ⊗ Vτ )KM,∞ 6= 0 and λ ∈ a⋆. Consider the induced representation πξ,λ. By
Frobenius reciprocity and the assumption on ξ we have
dim (Wξ ⊗ Λpp∗ ⊗ Vτ )KM,∞ = dim (Hξ,λ ⊗ Λpp∗ ⊗ Vτ )K∞ 6= 0.
Recall that πξ,λ(Ω) is a scalar given by (6.6). Thus by (6.17) it follows that
τ(Ω)− πξ,λ(Ω) ≥ δ.
Using (6.6) we obtain
τ(Ω)− c(ξ) ≥ δ − ‖λ‖2
for every λ ∈ a⋆. Hence τ(Ω)− c(ξ) ≥ δ, which proves the lemma. 
Given λ > 0, let
Πdis(M(A);λ) := {π ∈ Πdis(M(A)) : |λπ∞| ≤ λ} .
Let d = dimM(R)1/KM,∞. As in [Mu1, Proposition 3.5] it follows that for every ν ∈
Π(K∞) there exists C > 0 such that
(6.18)
∑
π∈Πdis(M(A))λ
dimA2π(P )Kf ,ν ≤ C(1 + λd/2)
for all λ ≥ 0.
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Put
A2π(P )Kf ,T =
⊕
ν∈T
A2π(P )Kf ,ν ,
where T is defined by (6.7).
Let δ > 0 be as in Lemma 6.1. Put c = δ/2. It follows from Lemma 6.1 that for t ≥ 1,
(6.16) can be estimated by
(6.19) e−ct
∑
π∈Πdis(M(A))
∑
ν∈T
dim
(A2π(P )Kf ,ν) e−t(τ(Ω)−c(π∞))/2(1 + |λπ∞|)m level(Kf ;G+M)ε,
where m ∈ N is sufficiently large. Now observe that τ(Ω) ≥ 0. Thus by (6.5) we get
(6.20) τ(Ω)− c(π∞) ≥ −λπ∞ .
By [MzM, Lemma 13.2] there are only finitely many π ∈ Πdis(M(A)) with A2π(P )Kf ,T 6= 0
and −λπ∞ ≤ 0. Decompose the sum over π in (6.19) in two summands Σ1(t) and Σ2(t),
where in Σ1(t) the summation runs over all π with −λπ∞ ≤ 0. Using (6.20) it follows that
for −λπ∞ > 0 we have
τ(Ω)− c(π∞) ≥ |λπ∞|
Thus for every l ∈ N, Kf and t ≥ 1 we have
(6.21) Σ2(t)≪l e−ct
∑
π∈Πdis(M(A))
−λpi∞>0
∑
ν∈T
dim
(A2π(P )Kf ,ν) (1 + |λπ∞|)−l level(Kf , G+M)ε.
To estimate Σ1(t) we need the following lemma.
Lemma 6.2. Let ν ∈ Π(K∞). There exists C1 ∈ R such that C1 ≤ −λπ∞ for all π ∈
Πdis(M(A)) with A2π(P )Kf ,ν 6= 0 for some open compact subgroup Kf of G(Af ).
Proof. Let π ∈ Πdis(M(A)). Let Kf be an open compact subgroup of G(Af ) such that
A2π(P )Kf ,ν 6= 0. Let HP (π∞) (resp. HP (πf)) be the Hilbert space of the induced represen-
tation I
G(R)
P (R) (π∞) (resp. I
G(Af )
P (Af )
(πf)). Let ν ∈ Π(K∞). Denote by HP (π∞)ν the ν-isotypical
subspace of HP (π∞). Then by [Mu1, (3.5)] it follows that
(6.22) dim(HP (πf )Kf ) 6= 0 and dim(HP (π∞)ν) 6= 0.
Using Frobenius reciprocity [Kn, p. 208] we get
[I
G(R)
P (R) (π∞)|K∞ : ν] =
∑
τ∈Π(KM,∞)
[π∞|KM,∞ : τ ] · [ν|KM,∞ : τ ].
This implies
dim(HP (π∞)ν) ≤ dim(ν)
∑
τ∈Π(KM,∞)
dim(Hπ∞(τ))[ν|KM,∞ : τ ].
By (6.22) it follows that there exists τ ∈ Π(KM,∞) such that
(6.23) [ν|KM,∞ : τ ] 6= 0 and dim(Hπ∞(τ)) 6= 0.
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Replacing Kf by a subgroup of finite index if necessary, we can assume that Kf is of the
form Kf =
∏
p<∞Kp. For any p <∞ denote by HP (πp) the Hilbert space of the induced
representation I
G(Qp)
P (Qp)
(πp). Let HP (πp)Kp be the subspace of Kp-invariant vectors. Then
dimHP (πp)Kp = 1 for almost all p and
HP (πf )Kf ∼=
⊗
p<∞
HP (πp)Kp.
LetKM,f := Kf∩M(Af ). Then KM,f is an open compact subgroup ofM(Af ). Using [Mu1,
(3.7)] and (6.22), it follows that dimHKM,fπf 6= 0. Now recall that there exist arithmetic
subgroups ΓM,i ⊂M(R), i = 1, . . . , l, such that
M(Q)\M(A)/KM.f ∼=
l⊔
i=1
(ΓM,i\M(R))
(cf. [MzM, §3]). Hence
L2(AM(R)
0M(Q)\M(A))KM,f ∼=
l⊕
i=1
L2(AM(R)
0ΓM,i\M(R))
as M(R)-modules. The condition dimHKM,fπf 6= 0 implies that π∞ occurs as an irreducible
subrepresentation of the right regular representation of M(R) in L2(AM(R)
0ΓM,i\M(R))
for some i = 1, . . . , l. Put ΓM := ΓM,i. Let ΩM(R)1 be the Casimir element ofM(R)
1. Given
τ ∈ Π(KM,∞), let Aτ be the differential operator in C∞(ΓM\M(R)1; τ) which is induced by
−ΩM(R)1 . Let A¯τ be the self-adjoint extension of Aτ in L2. Assume that τ satisfies (6.23).
Then it follows that −λπ∞ is an eigenvalue of A¯τ , acting in L2(ΓM\M(R)1; τ). Now let ∆τ
be the Bochner-Laplace operator, acting in the same Hilbert space. Let Λτ be the Casimir
eigenvalue of τ . We have
A¯τ = ∆τ − Λτ Id
(cf. [Mia, Proposition 1.1]). Furthermore note that Λτ ≥ 0 and ∆τ ≥ 0. Thus it follows
that −λπ∞ ≥ −Λτ . Let
C1 = −max{Λτ : τ ∈ Π(KM,∞), [ν|KM,∞ : τ ] > 0}.
Then the lemma holds with this choice of C1. 
It follows from Lemma 6.2 that there exists C1 ∈ R, which depends on T , but is inde-
pendent of Kf , such that C1 ≤ −λπ∞ for all π ∈ Πdis(M(A)) with A2π(P )Kf ,T 6= 0. Thus
for every l ∈ N, Kf , and t ≥ 1 we get
(6.24) Σ1(t)≪l e−ct
∑
π∈Πdis(M(A))
−λpi∞≤0
∑
ν∈T
dim
(A2π(P )Kf ,ν) (1 + |λπ∞|)−l level(Kf , G+M)ε.
Putting everything together we obtain the following lemma.
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Lemma 6.3. Suppose that G satisfies properties (TWN) [FLM2, Definition 5.2] and (BD)
[FLM2, Definition 5.9]. Let τ ∈ Rep(G(R)). Assume that τ ≇ τθ. Let M be a proper Levi
subgroup of G. There exists c > 0, independent of Kf , and for every l ∈ N and ε > 0 there
exists C > 0, which is independent of Kf , such that
|Jspec,M(φτ,pt )| ≤ Ce−ct
∑
π∈Πdis(M(A))
∑
ν∈T
dim
(A2π(P )Kf ,ν) (1 + |λπ∞|)−l level(Kf , G+M)ε.
for t ≥ 1 and p = 0, . . . , d.
We now specialize to the case of principal congruence subgroups. Fix a faithful Q-rational
representation ρ : G→ GL(V ) and a lattice Λ in the representation space V such that the
stabilizer of Λ̂ = Ẑ⊗ Λ ⊂ Af ⊗ V in G(Af) is the group Kf . Since the maximal compact
subgroups of GL(Af ⊗V ) are precisely the stabilizers of lattices, it is easy to see that such
a lattice exists. For N ∈ N let
K(N) = {g ∈ G(Af) : ρ(g)v ≡ v mod NΛ̂, v ∈ V }
be the principal congruence subgroup of level N , which is a factorizable normal open
subgroup of Kf . Let
(6.25) Y (N) := G(Q)\(X˜ ×G(Af)/K(N)
be the adelic quotient associated to K(N). Fix P = M · U ∈ P(M). By (6.3) have
dimA2π(P )K(N),ν = mπ dim IndG(A)P (A)(π)(K(N),ν)
= mπ dim Ind
G(R)
P (R)(π∞)
ν dim Ind
G(Af )
P (Af )
(πf)
K(N).
(6.26)
Note that dim Ind
G(R)
P (R)(π∞)
ν is bounded by (dim ν)2. Let Kf ⊂ G(Af) be the standard
maximal compact subgroup. Let Ξ be a set of coset representatives for the double cosets
(P (Af)∩Kf )\Kf/K(N). Since K(N) is a normal subgroup of Kf of finite index, it follows
from [Re, Lemme, III.2] that the map ϕ 7→ (ϕ(g))g∈Ξ defines an isomorphism
Ind
G(Af )
P (Af )
(πf )
K(N) ∼= ⊕g∈Ξ(πf)P (Af )∩K(N).
Thus we get
dim Ind
G(Af )
P (Af )
(πf)
K(N) ≤ [Kf : (Kf ∩ P (Af))K(N)] dim(πKM (N)f ).
Using the factorization Kf ∩ P (Af) = (Kf ∩M(Af ))(Kf ∩ U(Af )), we can write
[Kf : (Kf∩P (Af))K(N)] = vol(KM(N)) vol(K(N))−1[Kf ∩ U(Af ) : K(N) ∩ U(Af )]−1
[K(N) ∩ P (Af) : (K(N) ∩M(Af ))(K(N) ∩ U(Af )].
The index [K(N)∩P (Af) : (K(N)∩M(Af ))(K(N)∩U(Af )] is bounded independently of
N . Furthermore, identifying U with its Lie algebra u via the exponential map, which is an
isomorphism of affine varieties, it follows that there exist C1, C2 > 0 such that
C1N
− dimU ≤ [Kf ∩ U(Af ) : K(N) ∩ U(Af)]−1 ≤ C2N− dimU
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for all N ∈ N. Therefore there exist C > 0, independent of N , such that
Ind
G(Af )
P (Af )
(πf )
K(N) ≤ CN− dimU vol(K(N))−1 vol(KM(N)) dim πKM (N)f .
Let
(6.27) φτ,pt,N = h
τ,p
t ⊗ χK(N).
Then φτ,pt,N ∈ C(G(A)1, K(N)). Combined with Lemma 6.3 and (6.26) it follows that there
exists C > 0 such that
1
vol(Y (N))
|Jspec,M(φτ,pt,N)| ≤Ce−ctN− dimU+ε
· vol(KM(N))
∑
π∈Πdis(M(A))
T
mπ(1 + |λπ∞|)−l dim πKM (N)f .
(6.28)
for all t ≥ 1 and N ∈ N. Here Πdis(M(A))T denotes the set of all π ∈ Πdis(M(A)) such
that there exists ν ∈ T with A2π(P )ν 6= 0. For an open compact subgroup KM,f ⊂M(Af )
let µMKf be the measure on Π(M(R)
1) defined by
µMKf =
vol(KM,f)
vol(M(Q)\M(A)1)
·
∑
π∈Π(M(A)1)
dimHomM(A)1(π, L
2(M(Q)\M(A)1)) dimπKM,ff δπ∞ .
It follows from [FLM2, Lemma 7.7], together with [FLM2, Proposition 5.5] and [FLM2,
Theorem 5.15] that the collection of measures {µMKM (N)}N∈N is polynomially bounded in
the sense of [FLM2, Definition 6.2]. For l ∈ N let gl,T be the non-negative function on
Π(G(R)) defined by
gl,T (π) :=
{
(1 + |λπ|)−l, if π ∈ Π(G(R))T ,
0, otherwise.
Then it follows from [FLM2, Proposition 6.1, (4)] that there exists l ∈ N, which depends
only on T , such that
(6.29) µMKf (gl,T ) =
vol(KM(N))
vol(M(Q)\M(A)1)
∑
π∈Πdis(M(A))
T
(1 + |λπ∞|)−lmπ dim πKM(N)f
is bounded independently of N ∈ N. Together with (6.28) we obtain the following lemma.
Lemma 6.4. Suppose that G satisfies properties (TWN) [FLM2, Definition 5.2] and (BD)
[FLM2, Definition 5.9]. Let M ∈ L, M 6= G. Let P = M · U ∈ P(M) and let τ ∈
Rep(G(R)) such that τ ≇ τθ. There exist C, c, δ > 0 such that
(6.30)
1
vol(Y (N))
|Jspec,M(φτ,pt,N)| ≤ Ce−ctN−δ
for all t ≥ 1, p = 0, . . . , d, and N ∈ N.
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Now we consider the case M = G. Then by definition of φτ,pt,N we have
Jspec,G(φ
τ,p
t,N) =
∑
π∈Πdis(G(A)
1)
mπ Tr π(φ
τ,p
t,N) =
∑
π∈Πdis(G(A)
1)
mπ dim(π
K(N)
f ) Tr π∞(h
τ,p
t ).(6.31)
Now observe that by [MP, (4.18), (4.19)] we have
Tr π∞(h
τ,p
t ) = e
t(π∞(Ω)−τ(Ω)) dim(Hπ∞ ⊗ Λpp⋆ ⊗ Vτ )K∞ .
Furthermore, for ν ∈ Π(K∞) we have
[π∞|K∞ : ν] ≤ dim ν
(see [Kn, Theorem 8.1]). Thus there exists C > 0 such that
1
vol(Y (N))
|Jspec,G(φτ,pt,N)| ≤ C vol(K(N))
∑
π∈Πdis(G(A)
1)T
mπ dim(π
K(N)
f )e
t(π∞(Ω)−τ(Ω))
for all t > 0 and N ∈ N. As above, put λπ∞ = π∞(Ω). If we argue as in the proof of
Lemma 6.3, it follows that there exists c > 0 and for all l ∈ N there exist Cl > 0 such that
1
vol(Y (N))
|Jspec,G(φτ,pt,N)| ≤Cle−ct vol(K(N))
·
∑
π∈Πdis(G(A)
1)T
mπ(1 + |λπ∞|)−l dim(πK(N)f )
(6.32)
for all t ≥ 1 and N ∈ N. Using that (6.29) for M = G , we get the following:
Lemma 6.5. Let τ ∈ Rep(G(R)) such that τ ≇ τθ. There exist C, c > 0 such that
(6.33)
1
vol(Y (N))
|Jspec,G(φτ,pt,N)| ≤ Ce−ct
for all t ≥ 1, p = 0, . . . , d, and N ∈ N.
Combining Lemmas 6.4, Lemma 6.5 and (5.7) it follows that there exist C, c > 0 such
that
(6.34)
1
vol(Y (N))
|Jspec(φτ,pt,N)| ≤ Ce−ct
for all t ≥ 1, p = 0, . . . , d, and N ∈ N.
Let ∆p,N(τ) be the Laplace operator on Eτ -valued p-forms. By (6.1) we have
Trreg
(
e−t∆p,N (τ)
)
= Jspec(φ
τ,p
t,N)
and by (6.34) we obtain the following bound:
Proposition 6.6. Suppose that G satisfies properties (TWN) [FLM2, Definition 5.2] and
(BD) [FLM2, Definition 5.9]. There exist C, c > 0 such that
1
vol(Y (N))
|Trreg
(
e−t∆p,N (τ)
) | ≤ Ce−ct
for all t ≥ 1, p = 0, . . . , d, and N ∈ N.
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Recall that by [FLM2, Prop. 5.5, Prop 5.15] the properties (TWN) and (BD) are satisfied
for GL(n) and SL(n). Hence we get the following corollary.
Corollary 6.7. Let G = GL(n) or SL(n). There exist C, c > 0 such that
1
vol(Y (N))
|Trreg
(
e−t∆p,N (τ)
) | ≤ Ce−ct
for all t ≥ 1, p = 0, . . . , d, and N ∈ N.
7. Modification of the heat kernel
In order to study the short time behavior of the regularized trace of the heat operator with
the help of the trace formula, we need to show that we can replace hτ,pt by an appropriate
compactly supported test function without changing the asymptotic behavior as t → 0.
We introduced such a modification of hτ,pt already in [MzM]. The main purpose of this
section is to establish estimations which are uniform in the lattice.
In this section we assume that G = GL(n). Let G(R)1 be defined by (2.19). Let d(x, y)
denote the geodesic distance of x, y ∈ X˜ . On G(R)1 we introduce the function r by
r(g) := d(gK∞, K∞), g ∈ G(R)1.
For R > 0 let
(7.1) BR := {g ∈ G(R)1 : r(g) < R}.
We need the following auxiliary lemma.
Lemma 7.1. There exist C, c > 0 such that∫
G(R)1
e−r
2(g)/tdg ≤ Cect
for t > 0.
Proof. Note that r(g) is bi-K∞-invariant. Thus using the Cartan decomposition G(R)
1 =
K∞A
+K∞, we get ∫
G(R)1
e−r
2(g)/tdg =
∫
A+
e−r
2(a)/tδ(a)da,
where
δ(expH) =
∏
α∈∆+
(sinhα(H))mα, H ∈ a+
(see [He, Chapt. I, Theorem 5.8]). Let a = diag(eH1 , . . . , eHn) ∈ A+ so that Hi−Hi+1 > 0
for i = 1, . . . , n− 1 and ∑ni=1Hi = 0. Moreover,
r(a)2 = H21 + . . .+H
2
n
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by [BH, Corollary 10.42]. Note that there exists a constant c > 0 such that δ(expH) ≪
ec‖H‖ for every H ∈ a+. Hence it suffices to find an upper bound for ∫∞
0
e−r
2/tecr dr. Note
that ∫ ∞
0
e−r
2/tecrdr =
√
πt
2
exp(c2t)(1− erf(c√t)),
where erf(x) is the error function (see [GR, 3.322,2]). This proves the claim. 
Let f ∈ C∞(R) such that f(u) = 1, if |u| ≤ 1/2, and f(u) = 0, if |u| ≥ 1. Let
ϕR ∈ C∞c (G(R)1) be defined by
(7.2) ϕR(g) := f
(
r(g)
R
)
.
Then we have suppϕR ⊂ BR. Extend ϕR to G(R) by
ϕR(g∞z) = ϕR(g∞), g∞ ∈ G(R)1, z ∈ AG(R)0.
Define h˜τ,pt,R ∈ C∞(G(R)) by
(7.3) h˜τ,pt,R(g∞) := ϕR(g∞)h
τ,p
t (g∞), g∞ ∈ G(R).
Then the restriction of h˜τ,pt,R ⊗ χK(N) to G(A)1 belongs to C∞c (G(A)1). Let K(N) ⊂
GL(n,Af ) be the principal congruence subgroup of level N and let Y (N) be the adelic
quotient defined by (6.25).
Proposition 7.2. There exist constants C1, C2, C3 > 0 such that
1
vol(Y (N))
∣∣Jspec(hτ,pt ⊗ χK(N))− Jspec(h˜τ,pt,R ⊗ χK(N))∣∣ ≤ C1e−C2R2/t+C3t
for all N ∈ N, p = 0, . . . , d, t > 0 and R ≥ 1.
Proposition 7.2 allows us to replace hτ,pt by a compactly supported function.
Proof. Let ψR := 1− ϕR. Then
Jspec(h
τ,p
t ⊗ χK(N))− Jspec(h˜τ,pt,R ⊗ χK(N)) = Jspec(ψRhτ,pt ⊗ χK(N)).
Now we use the refined spectral expansion (5.8). Let M ∈ L and let Jspec,M be the
distribution on the right hand side of (5.8), which corresponds to M . Let
∆G = −Ω + 2ΩK∞ ,
where Ω (resp. ΩK∞) denotes the Casimir operator of G(R)
1(resp. K∞). Observe that
ψRh
τ,p
t ⊗ χK(N) belongs to C(G(A)1) and the proof of Lemma 7.2 and Corollary 7.4 in
[FLM1] extends to h ∈ C(G(A)1). Thus there exists k ≥ 1 such that for any ε > 0 we have
1
vol(Y (N))
Jspec,M(ψRh
τ,p
t ⊗ χK(N)) =
1
vol(G(Q)\G(A)1)Jspec,M(ψRh
τ,p
t ⊗ 1K(N))
≪T ,ε ‖(Id+∆G)k(ψRhτ,pt )‖L1(G(R)1)N (dimM−dimG)/2+ε
(7.4)
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for all N ∈ N, p = 0, . . . , d, t > 0, and R > 0.
Let g be the Lie algebra of G(R)1 and let Y1, . . . , Yr be an orthonormal basis of g. Then
∆G = −
∑
i Y
2
i . Denote by ∇ the canonical connection on G(R)1. Then it follows that
there exists C > 0 such that
|(Id+∆G)kh(g)| ≤ C
2k∑
l=0
‖∇lh(g)‖, g ∈ G(R)1,
for all h ∈ C∞(G(R)1). Let m = dimG(R)1. By [Mu1, Proposition 2.1] it follows that for
every T > 0 and j ∈ N there exist C2, C3 > 0 such that
‖∇jhτ,pt (g)‖ ≤ C2t−(m+j)/2e−C3r
2(g)/t, g ∈ G(R)1,
for all 0 < t ≤ T . Using the semigroup property and arguing as in the proof of Corollary
1.6 in [Do], it follows that there exist A1, A2, A3 > 0 such that
(7.5) ‖∇jhτ,pt (g)‖ ≤ A1t−(m+j)/2e−A2r
2(g)/t+A3t, g ∈ G(R)1,
for all t > 0. Now observe that for every j ∈ N there exists Cj > 0 such that
‖∇jψR‖ ≤ Cj
for all R ≥ 1. Since ψR vanishes on BR, it follows from (7.5) that there exist C4, C5, C6 > 0
such that
2k∑
l=0
‖∇l(ψRhτ,pt )(g)‖ ≤ C4e−C5R
2/t+A3te−C6r
2(g)/t
for all g ∈ G(R)1, t > 0, and R ≥ 1. Using Lemma 7.1, it follows that there exist
C1, C2, C3 > 0 such that
(7.6) ‖(Id+∆G)k(ψRhτ,pt )‖L1(G(R)1) ≤ C1e−C2R
2/t+C3t
for all t > 0 and R ≥ 1. Combined with (7.4) it follows that for every ε > 0 we have
1
vol(Y (N))
Jspec,M(ψRh
τ,p
t ⊗ χK(N))≪ε e−cR
2/tN (dimM−dimG)/2+ε
for all N ∈ N, p = 0, . . . , d, and t > 0. and R ≥ 1. Especially, there exist C1, C2, C3 > 0
such that
(7.7)
1
vol(Y (N))
|Jspec,M(ψRhτ,pt ⊗ χK(N))| ≤ C1e−C2R
2/t+C3t
for all N ∈ N, p = 0, . . . , d, and t > 0, and R ≥ 1.
It remains to consider the case M = G. Then we have
Jspec,G(ψRh
τ,p
t ⊗ χK(N)) =
∑
π∈Πdis(G(A)
1)
mπ Trπ(ψRh
τ,p
t ⊗ χK(N))
=
∑
π∈Πdis(G(A)
1)
mπ dim(π
K(N)
f ) Tr π∞(ψRh
τ,p
t ).
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For ν ∈ Π(K∞) denote by Hπ∞(ν) the ν-isotypic subspace. Let
HTπ∞ =
∑
ν∈T
Hπ∞(ν).
Then for every k ∈ N we have
|Tr π∞(ψRhτ,pt )| ≤ ‖(Id+π∞(∆G))−k‖1,HTpi∞‖(Id+∆G)k(ψRh
τ,p
t )‖L1(G(A)1).
Now observe that π∞(∆G) acts on Hπ∞(ν) by the scalar −λπ∞ + 2λν , where λπ∞ and λν
are the Casimir eigenvalues of π∞ and πν , respectively. Furthermore, by [Mu2, Lemma 6.1]
we have
(7.8) − λπ∞ + λν ≥ 0
for HK(N)πf 6= 0 and Hπ∞(ν) 6= 0. Moreover λν ≥ 0. Thus 1− λπ∞ + 2λν > 0 and we get
‖(Id+π∞(∆G))−k‖1,HTpi∞ ≤
∑
ν∈T
dim(ν)(1− λπ∞ + 2λν)−k.
Using (7.8) we get
(1− λπ∞ + 2λν)2 ≥
1
4
(1 + λ2π∞ + λ
2
ν) ≥
1
4
(1 + |λπ∞|)2.
Thus we get
‖(Id+π∞(∆G))−k‖1,HTpi∞ ≤
1
4
dim(HTπ∞)(1 + |λπ∞|)−k.
Together with (7.6) it follows that for every k ∈ N there exists Ck > 0 such that
|Trπ∞(ψRhτ,pt )| ≤ Cke−C2R
2/t+C3t(1 + |λπ∞|)−k
for all t > 0 and R ≥ 1. This gives
1
vol(Y (N))
|Jspec,G(ψRhτ.pt ⊗ χK(N))|
≤ Cke−C2R2/t+C3t vol(K(N))
∑
π∈Πdis(G(A)1)
mπ dim(π
K(N)
f )(1 + |λπ∞|)−k
for all t > 0 and R ≥ 1. As above it follows from [FLM2, Proposition 6.1, (4)] that there
exists k ∈ N, which depends only on T , such that vol(K(N)) times the sum is bounded
independently of N ∈ N. Hence there exist C1, C2, C3 > 0 such that
1
vol(Y (N))
|Jspec,G(ψRhτ,pt ⊗ χK(N))| ≤ C1e−C2R
2/t+C3t
for all t > 0, p = 0, . . . , d, N ∈ N, and R ≥ 1. This completes the proof of the proposition.

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8. The geometric side of the trace formula
In this section we assume that G = GL(n). To study the behavior of the regularized
trace for small time, we use the geometric side Jgeo of the Arthur trace formula. Consider
the equivalence relation on G(Q) defined by γ ∼ γ′ whenever the semisimple parts of γ and
γ′ are G(Q)-conjugate, and denote by OG the set of all resulting equivalence classes. They
are indexed by the conjugacy classes of semisimple elements of G(Q). Then the coarse
geometric expansion of Jgeo is
(8.1) Jgeo(f) =
∑
o∈OG
Jo(f), f ∈ C∞c (G(A)1),
where the distributions are the value at T = 0 of a polynomial JTo (f) defined in [Ar1].
When o consists of the unipotent elements of G(Q), we write Junip(f) for Jo(f).
Fix R ≥ 1 and recall the definition of ϕ := ϕR from (7.2). Put
(8.2) h˜τ,pt := ϕh
τ,p
t .
Lemma 8.1. There exists N0 ∈ N such that
Jgeo(h˜
τ,p
t ⊗ χK(N)) = Junip(h˜τ,pt ⊗ χK(N))
for all N ≥ N0.
Proof. By definition, the support of h˜τ,pt is contained inBR. Then the support of h˜
τ,p
t ⊗χK(N)
is contained in BRK(N) ⊂ BRK, and therefore there are only finitely many classes o ∈
OG that contribute to the geometric side of the trace formula (8.1) for the the functions
h˜τ,pt ⊗ χK(N). Moreover, the only class o ∈ OG for which the union of the G(A)-conjugacy
classes of elements of o meets G(R)K(N) for infinitely many N ∈ N is the unipotent class.
For assume that o has this property. Let γ ∈ o and let q ∈ Q[X ] be the characteristic
polynomial of the linear map γ − Id ∈ End(Cn). The assumption on o implies that every
coefficient of q, except the leading coefficient 1, is either arbitrarily close to 0 at some prime
p or has absolute value < 1 at infinitely many places. Therefore, necessarily, q = Xn, and
γ is unipotent. Therefore, the geometric side reduces to Junip(h˜
τ,p
t ⊗ χK(N)) for all but
finitely many N ∈ N. 
To analyze Junip(f) we use Arthur’s fine geometric expansion [Ar4, Corollaries 8.3] to
express Junip(f) in terms of weighted orbital integrals. To state the result we recall some
facts about weighted orbital integrals. Let S be a finite set of places of Q containing ∞.
Set
QS =
∏
v∈S
Qv, and G(QS) =
∏
v∈S
G(Qv).
Let M ∈ L and γ ∈ M(QS). The general weighted orbital integrals JM(γ, f) defined in
[Ar5] are distributions on G(QS). If γ is such that Mγ = Gγ , then, as the name suggests,
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JM(γ, f) is given by an integral of the form
JM(γ, f) =
∣∣D(γ)∣∣1/2 ∫
Gγ(QS)\G(QS)
f(x−1γx)vM(x) dx,
where D(γ) is the discriminant of γ [Ar5, p. 231] and vM(x) is the weight function asso-
ciated to the (G,M)-family {vP (λ, x) : P ∈ P(M)} defined in [Ar5, p.230]. For general γ
the definition is more complicated. In this case, JM(γ, f) is obtained as a limit of a linear
combination of integrals as above. For more details we refer to [Ar8]. Let
G(QS)
1 = G(QS) ∩G(A)1
and write C∞c (G(QS)
1) for the space of functions on G(QS)
1 obtained by restriction of
functions in C∞c (G(QS)). If γ belongs to the intersection of M(QS) with G(QS)
1, one can
obviously define the corresponding weighted orbital integral as linear form on C∞c (G(QS)
1).
Since for GL(n) all conjugacy classes are stable (in the sense that for any finite set S,
two unipotent elements in G(Q) are conjugate in G(QS) if and only if they are conjugate
in G(Q)), the expression of Junip(f) in terms of weighted orbital integrals simplifies. For
M ∈ L let (UM (Q)) be the (finite) set of unipotent conjugacy classes of M(Q). Let
F ∈ C∞c (G(QS)1) and denote by 1KS the characteristic function of the standard maximal
compact subgroup of G(AS). Then by [Ar4, Corollary 8.3] there exist constants a(S,O)
which depend on the normalization of measures such that
(8.3) Junip(F ⊗ 1KS) = vol(G(Q)\G(A)1)F (1) +
∑
(M,O)6=(G,{1})
aM(S,O)JM(O, F ),
where M runs over L and O over (UM(Q)). To deal with the S-adic integral, we note that
JM(O, F ) can be decomposed into a sum of products of integrals at ∞ and at the finite
places Sf = S \{∞}. Suppose that F = F∞⊗Ff = F∞⊗
⊗
p∈Sf
Fp with Fv ∈ C∞(G(Qv)).
Let L ∈ L(M) and Q = LV ∈ P(L). Define
(8.4) F∞,Q(m) = δQ(m)
1/2
∫
K∞
∫
V (R)
F∞(k
−1mvk)dkdv, m ∈M(R),
and define Ff,Q in a similar way. Then for every pair of Levi subgroups L1, L2 ∈ L(M)
there exist constants dGM(L1, L2) ∈ C such that
(8.5) JM(O, F ) =
∑
L1,L2∈L(M)
dGM(L1, L2)J
L1
M (O∞, F∞,Q1)JL2M (Of , Ff,Q2)
(see [Ar3],[Ar10, (18.7)]) where Qi ∈ P(Li), and Of = (Ov)v∈Sf , where for each v ∈
S, Ov ⊆ M(Qv) denotes the M(Qv)-conjugacy class of O. The coefficients dGM(L1, L2)
are independent of S and they vanish unless the natural map aL1M ⊕ aL2M −→ aGM is an
isomorphism. In case the coefficient does not vanish, it depends on the chosen measures
on aL1M , a
L2
M and a
G
M .
Lemma 8.2. If dGM(L) 6= 0, then at most dim aGM -many elements of L are not equal to M .
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Proof. The first assertion is clear from the fact that the map in (8.7) is an isomorphism if
dGM(L) 6= 0. 
We shall apply (8.3) and (8.5) with test functions F satisfying Ff = 1K(N). In this case
we can choose the set of places S = S(N) quite explicitly and also have a good upper
bound for the global coefficients aM(S(N),O) that occur in (8.3). Namely we have
Lemma 8.3. (1) Let S(N) = {∞} ∪ {p : p|N}. Then (8.3) with S = S(N) holds for
F = F∞ ⊗ 1K(N).
(2) There exist constants a, b > 0 such that for all N , all M and all unipotent orbits O
in M we have
|aM(S(N),O)| ≤ a(1 + logN)b
with S(N) as in the first part.
Proof. The first statement is contained in [Ar4, Corollary 8.3]. The second statement
follows from [Ma1], see also [Ma2, §6]. 
In the following we write
N =
∏
p
pep
for the prime factorization of N . Then 1K(N) =
⊗
p 1K(pep) with K(p
ep) the principal
congruence subgroup of level pep in Kp = GLn(Zp).
We can assume that L2 = G since L2 is canonically isomorphic to a direct product of
smaller GL(m)s. We then split the finite orbital integral JGM(Of , 1K(N)) further, until we
arrive at
(8.6) JGM(Of , 1K(N)) =
∑
L∈L(M)
|S(N)f |
dGM(L)
∏
p∈S(N)f
J
Lp
M (Op, 11K(pep ),Qp),
where L runs over all tuples (Lp)p∈S(N)f of Levi subgroups Lp ∈ L(M), and dGM(L) are
certain constants satisfying dGM(L) = 0 unless the natural map
(8.7)
⊕
p∈S(N)f
a
Lp
0 → aG0
is an isomorphism. Moreover, the parabolic subgroups Qp ∈ P(Lp) are unique and chosen
as explained in [Ar10, §17-18].
It follows from [Ar5] (see also [LM]) that each local integral can be written as (using that
K(pep) is normal in Kp)
(8.8) J
Lp
M (Op, 1K(pep),Qp) =
∫
Np(Qp)
1K(pep),Qp(n)w
Lp
M,Op
(n) dn,
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where Pp = MpNp ⊂ Lv is a standard parabolic subgroup with Mp ⊂ M such that Op is
induced from the trivial orbit in Mp to M , i.e., Pp is a Richardson parabolic for Op in M .
The function w
Lp
M,Op
is a certain weight function on Np(Qp) of the form
(8.9) w
Lp
M,Op
= Q(log ‖q1(X)‖p, . . . , log ‖qr(X)‖p),
where n = Id+X with X a nilpotent upper triangular matrix, q1, . . . , qr are polynomials
in X with image in some affine space, and Q is a polynomial. Note that Q, q1, . . . , qr only
depend on O, M , and Lp (as a Levi subgroup of G defined over Q), but not on the place p.
9. Bounds for p-adic orbital integrals
In this section we still assume that G = GL(n). We deal with the orbital integrals of the
form JLM(O, 1K(N),Q), Q ∈ P(L), which arise in (8.5) for our type of test functions.
We first make the following observation: Let Q = LV be a semistandard parabolic
subgroup. Since K(N) ∩ V (Af) = V (NZˆ), we have
(9.1)
∫
V (Af )
1K(N)(v) dv = N
− dimV .
By the definition (8.4) and the fact that K(N) is a normal subgroup in Kf we have
1K(N),Q(m) = δQ(m)
1/2
∫
V (Af )
1K(N)(mv) dv
for any m ∈ L(Af). Hence 1K(N),Q(m) = 0 unless m ∈ KL(N) = K(N) ∩ L(Af ). Now if
m ∈ KL(N), we have mv ∈ K(N) if and only if v ∈ K(N). Hence
(9.2) 1K(N),Q(m) = N
− dimV 1KL(N)(m).
It therefore suffices to bound JLM(O, 1KL(N)). Again, since L is isomorphic to a direct
product of finitely many smaller GL(m)’s, it suffices to consider the case Q2 = G = GL(n).
Moreover, the formulas similar to (9.1) and (9.2) hold for the local integrals at p for the
functions 1K(pep) with the necessary adjustments.
We now use (8.6) to find an upper bound for the orbital integrals.
Lemma 9.1. If Lp = M , then
(9.3) J
Lp
M (Op, 1K(pep),Qp) = JMM (Op, 1K(pep),Qp) = p−
ep
2
dim IndGM O
Proof. Let Qp = MV be the Iwasawa decomposition of Qp and let P
M = LMUM be a
Richardson parabolic in M for Op with T0 ⊆ LM , that is, O is induced from the trivial
orbit in LM to M . Then LMUMV =: LMUG is a Richardson parabolic for the induced
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orbit IndGM Op. Since K(pep) is a normal subgroup in Kp, we can compute the invariant
orbital integral JMM (O, 1K(pep),Qp) as (cf. also (8.8) and [LM])
JMM (O, 1K(pep),Qp) =
∫
UM (Qp)
1K(pep),Qp(u) du =
∫
UM (Qp)
∫
V (Qp)
1K(pep)(uv) dv du
=
∫
UG(Qp)
1K(pep)(u) du.
Since dimUG = dim IndGM O/2, the equation (9.3) follows from (9.1). 
Recall from (8.8) and (8.9) that
J
Lp
M (O, 1K(pep),Qp) =
∫
Np(Qp)
1K(pep),Qp(n)w
Lp
M,O(n) dn
The polynomials Q, q1, . . . , qr defining w
Lp
M,O only depend on O, M , and Lp (as a Levi
subgroup of G defined over Q), but not on the prime p. Hence there are overall only
finitely many possibilities for those polynomials independent of the level N . Now if n ∈
K(pep) ∩ Np(Qp) we can write n = Id+pepY with Y ∈ Matn×n(Zp) a nilpotent matrix.
Hence setting n′ = Id+Y we get∣∣∣JLpM (O, 1K(pep),Qp)∣∣∣ ≤ p−ep dimVp ∫
Np(Qp)
1KLp(pep )(n)|wLpM,O(n)| dn
≤ p−ep dimVpp−ep dimNp
∫
Np(Qp)
1
K
Lp
p
(n′)Q′(log pep, | log ‖q1(Y )‖p|, . . . , | log ‖qr(Y )‖p|) dn′
with Q′ a suitable polynomial only depending on Q, q1, . . . , qr and n but not on N .
Lemma 9.2. There exist absolute constants r, p > 0 (independent of p,N) such that∫
Np(Qp)
1
K
Lp
p
(n′)Q′(log pep, | log ‖q1(Y )‖p|, . . . , | log ‖qp(Y )‖p|) dn′ ≤ C(1 + log pep)r.
Proof. There exists another polynomial Q˜ and some integer j > 0 such that
Q′(log pep, | log ‖q1(Y )‖p|, . . . , | log ‖qp(Y )‖p|)
≤ (1 + log pep)jQ˜(| log ‖q1(Y )‖p|, . . . , | log ‖qp(Y )‖p|)
for all n′ = Id+Y . We can assume that Q˜ is independent of p and does only depend on
Q′. But now by [Ma2, §10] there exists a constant C > 0 such that∫
Np(Qp)
1
K
Lp
p
(n′)Q˜(log pep, | log ‖q1(Y )‖p|, . . . , | log ‖qp(Y )‖p|) dn′ ≤ C
and C can be chosen to depend only on Q˜ and n but not on p. 
Together with the discussion previous to the lemma this immediately implies the follow-
ing:
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Corollary 9.3. With the notation as before, we have∣∣∣JLpM (O, 1K(pep),Qp)∣∣∣ ≤ Cp− ep2 IndGM O(1 + log pep)r
with r and C chosen to depend only on n but not on p or N .
Proof. It remains to note that dim Vp + dimNp equals half the dimension of the induced
class IndGM O see [CM, Theorem 7.1.1]. 
The estimate in the corollary can also be written as∣∣∣JLpM (O, 1K(pep),Qp)∣∣∣ ≤ C|N |dim IndGM Op (1− log |N |p)r.
Combining this with Lemma 9.1 we get∣∣∣JLpM (O, 1K(pep),Qp)∣∣∣
{
≤ C|N |dim IndGM Op (1− log |N |p)r if Lp 6= M,
= |N |dim IndGM Op if Lp = M.
By Lemma 8.2 we have for any tuple L = {Lp}p∈S(N)f with dGM(L) 6= 0 that∣∣∣∣∣∣
∏
p∈S(N)f
J
Lp
M (O, 1KLp(pep ),Qp)
∣∣∣∣∣∣ ≤ N− dim IndGM O/2Cdim aGM
∏
p∈S(N)f :Lp 6=M
(1− log |N |p)r
≤ cN− dim IndGM O/2(logN)r(n−1)
for some absolute constant c > 0 independent of N . Lemma 8.2 also implies that the
number of tuples L with dGM(L) 6= 0 is bounded by |S(N)f |dim aGM . Since the number
of elements in S(N)f is equal to the number ω(N) of prime factors of N , and ω(N) ≤
log2N ≤ 2 logN , we get that for any N ≥ 2 we have
(9.4)
∣∣JL2M (O, 1K(N),Q2)∣∣ ≤ c′N− dim IndGM O/2(logN)(r+1)(n−1)
for some absolute constant c′ > 0.
10. Proof of the main result for GL(n)
Let G = GL(n). Let K(N) ⊂ GL(n,Af ) be the principal congruence subgroup and
Y (N) := X(K(N))
the associated adelic quotient (4.1). Let τ ∈ Rep(G(R)1) satisfying τ ≇ τθ. Let Eτ be
the associated flat vector bundle over Y (N) as defined in section 4. Let ∆p,Y (N)(τ) be
the Laplace operator on Eτ -valued p-forms on Y (N). For t > 0 let e
−t∆p,Y (N)(τ) be the
heat operator. The regularized trace Trreg(e
−t∆p,Y (N)(τ)) of the heat operator e−t∆p,Y (N)(τ) is
defined by (4.3). By (4.4) and (4.5) the zeta function ζp,N(s; τ) is defined by
(10.1) ζp,N(s; τ) :=
1
Γ(s)
∫ ∞
0
Trreg
(
e−t∆p,Y (N)(τ)
)
ts−1dt.
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The integral converges absolutely and uniformly on compact subsets of the half-plane
Re(s) > d/2, and admits a meromorphic extension to the entire complex plane. Then the
analytic torsion TY (N)(τ) ∈ R+ is defined by
(10.2) log TY (N)(τ) =
1
2
d∑
p=0
(−1)pp
(
FPs=0
ζp,Y (N)(s; τ)
s
)
(see [MzM, (13.38)]). Let T > 0. We write∫ ∞
0
Trreg
(
e−t∆p,Y (N)(τ)
)
ts−1dt =
∫ T
0
Trreg
(
e−t∆p,Y (N)(τ)
)
ts−1dt
+
∫ ∞
T
Trreg
(
e−t∆p,Y (N)(τ)
)
ts−1dt.
(10.3)
We first deal with the second integral on the right hand side. Note that the integral is an
entire function of s. Therefore, we have
FPs=0
(
1
sΓ(s)
∫ ∞
T
Trreg
(
e−t∆p,Y (N)(τ)
)
ts−1dt
)
=
∫ ∞
T
Trreg
(
e−t∆p,Y (N)(τ)
)
t−1dt.
Using Proposition 6.6 it follows that there exist C, c > 0 such that
(10.4)
1
vol(Y (N))
∣∣∣∣∫ ∞
T
Trreg
(
e−t∆p,Y (N)(τ)
)
t−1dt
∣∣∣∣ ≤ Ce−cT
for all T ≥ 1, p = 0, . . . , d, and N ∈ N.
Now we turn to the first integral on the right hand side of (10.3). Recall that
Trreg
(
e−t∆p,Y (N)(τ)
)
= Jspec(h
τ,p
t ⊗ χK(N)).
For R > 0 let ϕR ∈ C∞c (G(R)1) be the function defined by (7.2). By Proposition 7.2 we
have
(10.5) Trreg
(
e−t∆p,Y (N)(τ)
)
= Jspec(ϕRh
τ,p
t ⊗ χK(N)) + rR(t),
where rR(t) is a function of t ∈ [0, T ] which satisfies
(10.6)
1
vol(Y (N))
|rR(t)| ≤ C1e−C2R2/t+C3t
for 0 ≤ t ≤ T . This implies that ∫ T
0
rR(t)t
s−1dt is holomorphic in s ∈ C and
FPs=0
(
1
sΓ(s)
∫ T
0
rR(t)t
s−1dt
)
=
∫ T
0
rR(t)t
−1dt.
Moreover
1
vol(Y (N))
∣∣∣∣∫ T
0
rR(t)t
−1dt
∣∣∣∣ ≤ C1 ∫ T
0
e−C2R
2/t+C3tt−1dt
≤ C1e−C4R2/T+C3T
∫ T/R2
0
e−C4/tt−1dt.
(10.7)
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Now put R = T 2 and let
(10.8) hτ,pt,T := ϕT 2h
τ,p
t .
Then it follows from (10.5) and (10.7) that there exist C, c > 0 such that
1
vol(Y (N))
∣∣∣∣FPs=0( 1sΓ(s)
∫ T
0
Trreg
(
e−t∆p,Y (N)(τ)
)
ts−1dt
)
− FPs=0
(
1
sΓ(s)
∫ T
0
Jspec(h
τ,p
t,T ⊗ χK(N))ts−1dt
)∣∣∣∣ ≤ Ce−cT(10.9)
for T ≥ 1, p = 0, . . . , d, and N ∈ N. Using the trace formula, we are reduced to deal with
FPs=0
(
1
sΓ(s)
∫ T
0
Jgeo(h
τ,p
t,T ⊗ χK(N))ts−1dt
)
.
Let ϕ ∈ C∞c (G(R)1) be such that ϕ(g) = 1 in a neighborhood of 1 ∈ G(R)1. Put
h˜τ,pt = ϕh
τ,p
t .
We consider test functions with h˜τ,pt at the infinite place. By Lemma 8.1 there exists
N0 ∈ N such that
Jgeo(h˜
τ,p
t ⊗ χK(N)) = Junip(h˜τ,pt ⊗ χK(N))
for N ≥ N0. Let S(N) be as in Lemma 8.3. By the fine geometric expansion (8.3) and the
definition of hτ,pt,T we have
Junip(h˜
τ,p
t ⊗ χK(N)) = vol(G(Q)\G(A)1/K(N))h˜τ,pt (1)
+
∑
(M,O)6=(G,{1})
aM(S(N),O)JM(O, h˜τ,pt ⊗ χK(N)).(10.10)
Concerning the volume factor in the first summand, we used that χK(N) = 1K(N)/ vol(K(N)).
To begin with we consider the first term on the right hand side. Note that h˜τ,pt (1) = h
τ,p
t (1).
Furthermore, by [MP, (5.11)] there is an asymptotic expansion
(10.11) hτ,pt (1) ∼
∞∑
j=0
ajt
−d/2+j
as t→ 0. Furthermore, by [MP, (5.16)] there exists c > 0 such that
(10.12) hτ,pt (1) = O(e
−ct)
as t→∞. From (10.11) and (10.12) follows that the integral
(10.13)
∫ ∞
0
hτ,pt (1)t
s−1dt
converges in the half-plane Re(s) > d/2 and admits a meromorphic extension to C which
is holomorphic at s = 0. The same is true for the integral over [0, T ] and we get
(10.14) FPs=0
(
1
sΓ(s)
∫ T
0
hτ,pt (1)t
s−1
)
=
d
ds
(
1
Γ(s)
∫ ∞
0
hτ,pt (1)t
s−1
) ∣∣∣∣
s=0
+O(e−cT ).
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Recall the definition of the L(2)-analytic torsion [Lo], [Mat]. For t > 0 let
K(2)(t, τ) :=
d∑
p=1
(−1)pphτ,pt (1).
Put
t
(2)
X˜
(τ) :=
1
2
d
ds
(
1
Γ(s)
∫ ∞
0
K(2)(t, τ)ts−1dt
) ∣∣∣∣
s=0
.
Then by [MP, (5.20)], the L(2)-analytic torsion T
(2)
Y (N)(τ) ∈ R+ is given by
log T
(2)
Y (N)(τ) = vol(Y (N)) · t(2)X˜ (τ).
To summarize, we get
(10.15)
1
2
d∑
p=1
(−1)ppFPs=0
(
1
sΓ(s)
∫ T
0
hτ,pt (1)t
s−1dt
)
= t
(2)
X˜
(τ) +O(e−cT )
for T ≥ 1.
Next we consider the weighted orbital integrals on the right hand side of (10.10). Note
that by definition of χK(N) we have
JM(O, h˜τ,pt ⊗ χK(N)) =
1
vol(K(N))
JM(O, h˜τ,pt ⊗ 1K(N)).
To deal with the integral on the right hand side, we use the decomposition formula (8.5).
For L ∈ L(M), Q ∈ P(L), and a unipotent conjugacy class O in M(Q) consider the
integral JLM(O, (h˜τ,pt )Q). Unfolding the definition (h˜τ,pt )Q, the local weighted orbital integral
JLM((O, h˜τ,pt )Q) can be written as a non-invariant integral over the unipotent radical of a
suitable semistandard parabolic subgroup in G. More precisely, there is a semistandard
parabolic subgroup R = MRUR ⊆ M which is a Richardson parabolic for O in M . If
Q = LV is the Levi decomposition of Q, we get
JLM(O, (h˜τ,pt )Q) =
∫
V (R)
∫
UR(R)
h˜τ,pt (uv)w(u) du dv
where w is a certain weight function depending on the class O, and the groups M and L.
This weight function on UR(R) satisfies a certain “log-homogeneity” property as explained
in [MzM, §6-7]. Note that MRURV =: MRV ′ is a Richardson parabolic for the induced
class IndGM O in G. Extending w trivially to all of V ′(R) (and writing w for the extension
again), we get
JLM(O, (h˜τ,pt )Q) =
∫
V ′(R)
h˜τ,pt (v)w(v) dv
and this extended w is again log-homogeneous. It follows from [MzM, §12] that this integral
admits an asymptotic expansion as t→ 0. This implies that the integral
(10.16)
∫ T
0
JLM(O, (h˜τ,pt )Q)ts−1dt
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converges absolutely and uniformly on compact subsets of Re(s) > d/2 and admits a
meromorphic extension to s ∈ C. Put
(10.17) ALM(O∞, T ) := FPs=0
(
1
sΓ(s)
∫ T
0
JLM(O, (h˜τ,pt )Q)ts−1dt
)
.
By (8.5) it follows that the Mellin transform of JM(O, h˜τ,pt ⊗ 1K(N)) as a function of t is a
meromorphic function on C, and we get
FPs=0
(
1
sΓ(s)
∫ T
0
JM(O, h˜τ,pt ⊗ 1K(N))ts−1dt
)
=
∑
L1,L2∈L(M)
dGM(L1, L2)A
L1
M (O∞, T )JL2M (Of , 1K(N),Q2).
(10.18)
Denote by Junip−{1}(h˜
τ,p
t ⊗ 1K(N)) the sum on the right hand side of (10.10) with the
term vol(G(Q)\G(A)1/K(N))h˜τ,pt (1) removed. Combining (10.18), Lemma 8.3, and (9.4),
we obtain
Proposition 10.1. For every T ≥ 1 there exist constants C(T ), a > 0, a independent of
T , such that for all N ≥ 2 we have∣∣∣∣FPs=0( 1sΓ(s)
∫ T
0
Junip−{1}(h˜
τ,p
t ⊗ 1K(N))ts−1 dt
)∣∣∣∣ ≤ C(T )N−(n−1)(logN)a.
Now we can turn to the proof of the main Theorem. Let
KN (t, τ) :=
1
2
d∑
p=1
(−1)ppTrreg
(
e−t∆p,Y (N)(τ)
)
.
Let T > 0. By (10.1), (10.2) and (10.3) we have
(10.19) log TY (N)(τ) = FPs=0
(
1
sΓ(s)
∫ T
0
KN(t, τ)t
s−1dt
)
+
∫ ∞
T
KN(t, τ)t
−1dt.
By (10.4) there exist C, c > 0 such that
(10.20)
1
vol(Y (N))
∣∣∣∣∫ ∞
T
KN(t, τ)t
−1dt
∣∣∣∣ ≤ Ce−cT
for all T ≥ 1 and N ∈ N. Let hτ,pt,T ∈ C∞c (G(R)1) be defined by (10.8). Put
KN(t, τ ;T ) :=
1
2
d∑
p=1
(−1)ppJgeo(hτ,pt,T ⊗ χK(N)).
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By (10.9) and the trace formula it follows that there exist C, c > 0 such that
1
vol(Y (N))
∣∣∣∣FPs=0( 1sΓ(s)
∫ T
0
KN(t, τ)t
s−1dt
)
− FPs=0
(
1
sΓ(s)
∫ T
0
KN(t, τ ;T )t
s−1dt
)∣∣∣∣ ≤ Ce−cT(10.21)
for all T ≥ 1 and N ∈ N. Let
(10.22) Kunip−{1},N (t, τ ;T ) :=
1
2
d∑
p=1
(−1)ppJunip−{1}(hτ,pt,T ⊗ χK(N)).
By Lemma 8.1 and (10.10) it follows that for every T ≥ 1 there exists N0(T ) ∈ N such
that
KN(t, τ ;T ) =
vol(Y (N))
2
d∑
p=1
(−1)pphτ,pt,T (1) +Kunip−{1},N (t, τ ;T )
for N ≥ N0(T ). Using (10.15) and (10.21) it follows that for every T ≥ 1 there exists
N0(T ) ∈ N such that
1
vol(Y (N))
FPs=0
(
1
sΓ(s)
∫ T
0
KN (t, τ)t
s−1dt
)
= t
(2)
X˜
(τ) +
1
vol(Y (N))
FPs=0
(
1
sΓ(s)
∫ T
0
Kunip−{1},N(t, τ)t
s−1dt
)
+O(e−cT ).
(10.23)
forN ≥ N0(T ). Applying Proposition 10.1 we get that for every T ≥ 1 there exist constants
C1(T ), C2, a, c > 0 and N0(T ) ∈ N such that∣∣∣∣ 1vol(Y (N)) FPs=0
(
1
sΓ(s)
∫ T
0
KN(t, τ)t
s−1dt
)
− t(2)
X˜
(τ)
∣∣∣∣
≤ C1(T )N−(n−1)(logN)a + C2e−cT
(10.24)
for N ≥ N0(T ). Combined with (10.19) and (10.20) it follows that
(10.25) lim
N→∞
log TY (N)(τ)
vol(Y (N))
= t
(2)
X˜
(τ).
11. Proof of the main result for SL(n)
The following section is due to Werner Hoffmann. In order to deduce Theorem 1.1
from (10.25), we need to compare the trace formulas for GL(n) and SL(n). This is the
purpose of the current section. Let Kf ⊂ GL(n,Af) be an open compact subgroup. Then
AG(R)
0GL(n,Q)\GLn(A)/Kf is a right SL(n,R)-space with finitely many orbits. Let
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g1, . . . , gr ∈ GL(n,Af ) be representatives for these orbits. Then as right SL(n,R)-spaces
we get
(11.1) AG(R)
0GL(n,Q)\GLn(A)/Kf ≃
r⊔
j=1
Γgj ,Kf\ SL(n,R)
with
(11.2) Γgj ,Kf := SL(n,R) ∩
(
GL(n,Q) · gjKfg−1j
) ⊆ SL(n,R),
cf. [Ar10, §2]. Accordingly,
(11.3) L2(AG(R)
0GL(n,Q)\GL(n,A)/Kf) ∼=
r⊕
j=1
L2(Γgj ,Kf\ SL(n,R)),
Now note that the right regular representation R of the group GL(n,A)1 in the Hilbert
space L2(AG(R)
0GL(n,Q)\GL(n,A)) induces a representation of the convolution algebra
L1(AG(R)
0Kf\GL(n,A)/Kf) in the Hilbert space L2(AG(R)0GL(n,Q)\GL(n,A)/Kf).
For h ∈ L1(AG(R)0Kf\GL(n,A)/Kf) let
Kh(x, y) :=
∑
γ∈GL(n,Q)
h(x−1γy).
Then we have
(R(h)φ)(x) =
∫
AG(R)0 GL(n,Q)\GL(n,A)/Kf
Kh(x, y)φ(y)dy.
With respect to the isomorphism (11.1) the kernel Kh is given by the components
Γgj ,Kf\ SL(n,R)× Γgk,Kf\ SL(n,R) ∋ (x, y) 7→ Kh(gjx, gky).
If h acts on the right hand side of (11.3) by these integral kernels, (11.3) becomes an
isomorphism of L1(AG(R)
0Kf\GL(n,A)/Kf)-modules. Especially assume that h = h∞ ⊗
χKf . Then it follows from (11.2) that
Kh(gx, gy) =
∑
γ∈Γg,Kf
h∞(x
−1γy).
Now we turn to the trace formula. We briefly recall the definition of the distribution
JT (f), f ∈ C∞c (AG\G(A)). For details see [Ar1]. Let P =MPNP be a standard parabolic
subgroup of G and let Q be a parabolic subgroup containing P . Let τPQ and τ̂
P
P denote the
characteristic functions of the set
{X ∈ a0 : 〈α,X〉 > 0 for all α ∈ ∆QP }
and
{X ∈ a0 : 〈̟,X〉 > 0 for all ̟ ∈ ∆ˆQP},
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respectively. If Q = G, we will suppress the superscript. Moreover we put τ0 := τ
G
0 and
τˆ0 := τ̂
G
0 . Let
(11.4) KP (x, y) =
∫
NP (Q)\NP (A)
∑
γ∈P (Q)
h(x−1γny) dn
For T ∈ a+0 Arthur’s distribution is defined by
JT (h) =
∫
AG(R)0 GL(n,Q)\GL(n,A)/Kf
∑
P
(−1)n−dimAPKP (x, x)τ̂P (HP (x)− TP )dx,
where P runs over all Q-rational parabolic subgroups of GL(n) and the truncation param-
eter TP is chosen in such a way that
Ad(δ)(HP (x)− TP ) = HδPδ−1(x)− TδPδ1
for all δ ∈ GL(n,Q). Note that this definition differs from the usual definition, but it is
easy to check that it agrees with the usual definition. Furthermore, for d(T ) > d0, the sum
over P is finite. Using the decomposition (11.1), it follows that
JT (h) =
∑
j
∫
Γgj ,Kf \SL(n,R)
∑
P
(−1)n−dimAPKP (gjx, gjx)τ̂P (HP (gjx)− TP ) dx.
Now assume that h = h∞ ⊗ χKf . Then the integrand f(g−1j x−1γnxgj) in KP (gjx, gjx) is
nonzero, only if
γn ∈ (P (Q)NP (A)) ∩
(
GL(n,R) · gjKfg−1j
)
.
We may decompose the integral (11.4) into a sum over
γ ∈ Pj(Q) := P (Q) ∩ gjKfg−1j
and an integral over
n ∈ Pj(Q)\ (P (Q)NP (A)) ∩
(
GL(n,R) · gjKfg−1j
) ≃ Nj(Q)\Nj(A)
with Nj(Q) = NP (Q)∩gjKfg−1j and Nj(A) = NP (A)∩gjKfg−1j . Let P˜ = P (R)∩SL(n,R).
Then Pj(Q) ∩ SL(n,R) = P˜ ∩ Γgj ,Kf so that we get
JT (h) =
r∑
j=1
∫
Γgr,Kf \SL(n,R)
∑
P
(−1)n−dimAPKP,gj,Kf (x, x)τ̂P (HP (x)− TP )dx,
where
KP,gj ,Kf (x, y) =
∫
(Γgj ,Kf ∩NP (R))\NP (R)
∑
γ∈Γgj ,Kf ∩P˜
h∞(x
−1γny)dn.
Now let K(N) ⊂ GL(n,Af) be the principal congruence subgroup of level N . Let
Γ(N) denote the principal congruence subgroup of level N in SL(n,Z), and let ϕ(N) =
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#(Z/NZ)× be the Euler function. Then r = ϕ(N) and Γgj ,K(N) ≃ Γ(N) for every j, cf.
[LM, §4]. Hence for h = h∞ ⊗ χKf it follows that
JT (h) = ϕ(N)
∫
Γ(N)\ SL(n,R)
∑
P
(−1)n−dimAPKP,N(x, x)τ̂P (HP (x)− TP )dx,
where
KP,N(x, y) =
∫
Γ(N)∩NP (R)\NP (R)
∑
γ∈Γ(N)∩P˜
h∞(x
−1γny)dn.
Let
Y (N) = AG(R)
0GL(n,Q)\GL(n,A)/K(N)
and
X(N) = Γ(N)\ SL(n,R)/ SO(n).
Then Y (N) is the disjoint union of ϕ(N) copies of X(N). Let ∆p,X(N)(τ) be the Laplace
operator on Eτ -valued p-forms on X(N). Then it follows from the definition of the regu-
larized trace (4.3) that
Trreg
(
e−t∆p,Y (N)(τ)
)
= ϕ(N) Trreg
(
e−t∆p,X(N)(τ)
)
for all N ≥ 3. Using the definition (1.9) of the analytic torsion, we obtain
(11.5) log TY (N)(τ) = ϕ(N) log TX(N)(τ).
Furthermore we have
(11.6) vol(Y (N)) = ϕ(N) vol(X(N)).
Combining (10.25), (11.5), and (11.6), we obtain the first part of Theorem 1.1. The second
part follows immediately from [BV, Proposition 5.2].
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